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A\/ = Z;ixf(x)A:i
V = znl{ xsirzx dx :}ilsiiix - xcosx)fi = 27r?

03. a) A student asked to calculate linrr-o ff[ anpl;"s Hospitai's rule twice in succession

arrd finds lim,-s fl$ :linrr- ,#= Iimx-o # = 0. Explain why this answer is
wrong and find the correct answer.
b) Evaluate lin:,-r {* =.U 

r.r:arks

Answer:
a) The allsll'er !s H'ror:g because f.* tr iiot the indetern:inate forrn l,,,llen x -+0 and

consequentll, tlie I-rospi(ai,s rule is not api:iicd
The correct catcutrarion is lim,-e #= lg3 i# = ,

b) lirn t"" =* LF' -,rtanx 6
z

Iirg$=: trir4 :1 = 1
x-) * x1': stnx

.t

i:
c4. Let c and D be evenrs defined on the same sample space such that p(c) :1, pG n D; =

j;r(Cfo) = a with D the complen:entary evcnr of D.
a) Find p(C n D), p(D) and p(D/C).
b) Explain whether c and D are independent events.4.5 rnai.iis'
Anslver:
a) f =@nE)u @nD)cnti(cno)n(CnD)= q>

F(C)=p(6 nE) + p@ nD) + p(CnB) : p(c) -r(cnOy
P(b/c)='!1?3) =1xZ= s

P(c) 27'- 4 72

p(D)=P(cnD) =s ,7n -?P(c/D) 21" s 3

b) F(C/E)+ P (D)or P(C n D) + p(C). F(B) =+ C and. D are not ind eTtemd ent.
05. in a certain college: 65% of the sfudents are boarder, 55% of the students are female and

35o/a of the students are male boarder. Find the probability that a student chosen at
random from all the students in the college is
a) a day.shrdent; '
b) female day srudent. 3 n:arks

Bi' i{,AYIRANGA Serge,facilitator in science sub.jects, KAGARAMA SECONUARY SCHOOL
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r) i-ti the eienrctrt I l-re " bo:irCcr siurieni"
F I;e " g,iri sliedeni"

tie haye P(l): 0-65 anC l'(F-) : 0.55

l,(/) = 1-P(i) = i-0.65 : {i.35'

i)) P(I--n 7) : ?

"rVe}-;novlthar. i =(FnI)U (J n F)ctzrCth-at,P$ nF)n(Jnl-; = 4>

.I'l.'urs I,(I'n F) = p(I) - p(ii n F)

;1.s (he:;arne !)(Xn F) - P(,1) - P(I n f) = C'i:5 - CI.35 : {1.30

'l-iius F(7n F):P(f r-!)(]n F) - 0.55 - C.30 = 0.25
06. ln Euclidian space (!1, +,. )find

a) Paramctric equations of the linc of intcrsection of the planes )a+y+z:4 ano tr"-5t+.7
:1

l ) ,,n 
"quotion 

for tlie 1.>i-r:ie that passcs through il-:,t l)cinl iii;. j -ii cr,t', rr.rlntriirs r"ll': lirc
oi'intersection t f tite planes x-y+z = i ani x*\'-z: i. -i t:;r:i-iis

taken as

D' and passes

ble

.'''r.i:Sr', ef:
i; ) i-ct D be the iirie oi' iritet-scctio*, *'e [:ar,'c:

I -, - 
t , t 

"-* (Zx*y*z=4 * lJ'-;-r^D=i^ r _€tr)= < :(*-{}:_),*z: J lz=!_'x\22
i.,et pr;:;e:r == J, (tl:r: Brtr;,trir:ier)

/ *- 1I A- lt

1.,--1,r-,
D= {'t - z' z"(pararnetricequations)

I 7 s-lz=---),\22
N.ts: There are dlfferent fol'ir.ls 01'anst'i'ers, it depends on the'raril
pararnc{er. 7l'

b) [-et find the Cartesiar cquations of the plan rvhich contain ttre line(x-\r*z=1
througlr t]repcint P(l,3, -2)rvith O' = tr, +;, _, = i
'il-:us Fo(I,IrI) a:id P(1, 0, 0i (rnan-t'arsltie!-s: 1': z csrr taF;e anv values ol E)
The vector'r ,"Fo10, -2.,3)a.i"d fr r@,-3,2) there are said "dlrector vectors of
the as!ied plara

f,u* t y-J
Thus tlre ecuarian I S -Z' to ,-3
Let r: =tr or x-n :E

L-et z: -l2i\tZ+12, t : -6V3 -{- 6l an<i * : 3 b. r:omplex numbcrs.

a) Compute the modulus and an arguinent oi z and t.

b) Express n,and w6 in their polar and standard forms. 4 n:arks
.4nslver:

L+21
-.r l=fi:tL)

{\1

a) I\{otiule of Zis 121 : (rzvlTS) =24andtnodute of t is ltl : (eJr +N:
LZ
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o:s;*ztut,ke!F.

0 = T4 Zkn,kes,"

\\'ircr.e ,.. =':(cos (T - f)";o;,,(T - T) ) = 2 (cosll*i';,,f) (triga. foriri)

r:) rr.6= 26(cas6p;r;,0 ff) = z'*{rossrr-r-isr*1-slr ;:1Jj::: 
e braic f orm)

Thc funtiar:rcrrtal tiicorcnr of calculus sccrns to sa;,that t.)a* = [- i], = -2 iri

apliarent contradicticrr io the fact that { is alrvays positii,,e. V/hat is wrong ltere? 2
ina rks
Ansn,er:

T'he function tc !ntegrate is 1'(x) : i ,r not I-iounded

rvhen x---0 and holvever !s not continuous under [-1, X] thus the furrdamenta!
theorern is not applicable in this case.
Find the maxinrum possible area of a rectangle v.,ith diagonal of lenEh 16m. Find ali real
nurrrbers x such that4*-2*-2 > 0 4.5 nrarks
z\ il s i'r'i: r :

A.l-gu rirerii t.tl' L =

,4 r'gu inent of t =

d2 : o;2+\,2 = yl:d2->:2 +
1t{x) = yv:;1X62 - ,-z

Llsing derivatir,e, A(x) =

TI:e area of rectangle is

y' -- 16-*,2

r,.rrfh8(.r: <i6
762-zrz

JtoT-12

t-. 1I c{?-!# = -l!
1 

--l^r/3lstlr8 = --\2
I .ta

i(:OSU = --)21-i-.7i .stltti : -\?

0tt

09,

,,|

T'he n:aximurn area is
Let sol','e the equaticn
4'-7' -? i* 1,r.'-Z;12'+t1

tl.rus A(8J7j: tr28cm2 rvith x = y = g.',[ m
4'-2'> 0
> 0 r*. 2n< --7 o'r'2x > Z.L

A{3,2}

E
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4A

,r'rs ?r > 0 V e !]. v,e excllt{ie ?. < -i
'Xhus 4x -2.:; -i. > 0 <*, 2n > 2 * x, f*
- lttfl I
S : l;;, +-i : Ir, +"oJ

LtitL I

li). If a ciiagonal oia polygon is dellried to Lre a line loining anv t\\,o non-adjacent veilices,
hou'man), dias,onals arc there in a pcivgorr olr: sides? ?".5 nral-l"ls

,4 ri srver:

Ii;.rriiitcl' ;, ntii - ]')

i t. a) Fiiici thtt enslc 0 bctu,ccn tltc plales ri'itlr i:,:luiiiiorrs 2>;*3y-2 = -l ar,C 4x'r5y+z: 1.

b) Then s,rite sl,lrnretric equations oitheir lille intersectiori L..4 rriarks
Ansrr,'cr:
l) Thc'.,ectors

i(2,3,-1^)anrtfr" = (4,5,1)are narrtal ta the 7;Lanes cf equatians:
2x + 3y - z = -3 dttd 4x * 5y -l z. = i. respectivetr,,'.

Trtus cosl - -;ijn'- - 
8+1s-11 

- 
t'tnt!

llnll ll,n=ll J14J1z - 27

ando = et-{:as(+f) =?4.ltr0
b) For finrirng the st'stern of Carteslan equatio* cf the line I-, *,e rnust find fwc

points: Fo anC Pr of tr-.
ome point of L anri the direc{or'\'ecfor o{'i, (this is tlie p;r'oduct vector of
i r:nd- t:fi)
i,et use the llrst alteriiatir,'e: lo Ilnd Fo ani P1 give ei:e:.liiiiinar'i,r !aluc tc irny rne
of thc varlables x. r, and rve soive the obtaineti svstem:

( *:1 [x==i
Let x = i lSy'- z. - -S o iy: --1<* Pu = ii,-1,2)(5;r+z= -3 I,z:2 t

'Fhe director vector- of ]- is f 
"fi,1+,-.3, 

* 1) and. L = = = 14 ='4+ -J -li2.Suppose tlrzrtitisknovrnthat l-2i isazeroofthefor:rth-rlcgrecpo.ll,ninrialfix):xa-
3x'r*x2+7x-30. Find all zeros of f(x). 4 :narks
rlnslycn:
Because coniptrex zeros occur in ccnjugate pairs, vou kn*rv that iJ-Zi is atrso a zerc of,
f.
Iloth lx-{i-2i)j and Ix-(I+2i)] are factors oi'f,
Ix-(1-2i)lIx-(1+2i)] = [(x-1)+2i]t(x-1)-Zil = 1>:-1)2-4i?= (x-t](x-I) i- 4 = y2-s-1*!*4
: x2-2t+s

t *-c tt_c. );| ,__J lX:J.!,etx=riSy-z= --i3*Jy= -4. 6+p1 :(S,-4, 1)(5y+z: -La, l.z=1
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t-?-}' + lr'

-rl .. 4:l-+-7r
I 1--' ) 1-- J_ !i !-

0 - 6rl r-tr2x -

+5x: - i.2.r +.

r{x).: (xr -2r + 5)(y2-r,-6) = (xr-Z;<+5)(x2+Zx-3::-6):1x2-2:;+5)[(x{:;-2)_3(x+2)}
-' {x'- 2x + 5; (>:+2) (,'i-3}
"I trre zeros of f are x: I+2i, >;='l-2i,x: -Z and x = 3
S = [-2, s, (1 - 2i), (x + zi)]

i3. a) Detenline u,hether the series (Un),erxgiven by U": I"! is geornetric or arithnretic.
b) Calculate L?o U^. 3 marks
A n gr+,er:

=: {Iju) is :irlthmetlc of conrnron dil'fcrenc* n : 1

20

I,. =
n=0

*1,0

I

I

I

I\k

{tt

3C

A \--l /r-

-11
..t-

Kerf = {(2,_y,e) e 1i3: f (x,y,z): (0,0)J

r(x, j,, z): (0, o) * [i :o Hf tij 
: 

[H]

l'x*2i,=A ty-(\
oJ-'r-ir=o*l;=;

', 'q'q 
( ee !i

+ Kerf = {(0, O,z),2 efi} {Dir* ker f': I
Ir:r f : {(c, b)egr3= (x,y,z)e%3: f (x,y,z) = (a,b)}

(x+2y=G ( ,=a*?b
i(r:, 1', z) = (a,b) { -" - 4-y = il =+ ]y'= -}qa + l)

| ,q'q ( ,en
F-or each couple (a, i:) of reals 3 (x,y,z)of F3 such tha.t f {x,y,z) = (a,b)
Irn f,= {(0;i,)efi2J = mz

c) U, :T anrt {Jn*, =T :! + i
Un,r - U. =; *:-:-i=:

ltl + Uz+'.. + uzo =* rU, t Uzo) = tA(ZIlr+ 19r)

=ro(z i+lsi) =T l
14.Then,atrix[1 2 0i'' 

" ,,-."11"^^,,1^,,^-.. /L_1 _4 [] determines a Iinearapplication ft fr3 *+ ft2 rvith respect to
standard bases. Detenline vector i(x,y, z) such that f(x, y, z) = (0. 0)
Ansrver:

t. el
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li.B: To find Imly'cu cail use trre"dir-rrension" theorci:r (crcssi-irax)
1{ j: E -tr
And o'inr E is finite theri din: E: dinr/+ dinr inr/
j-hus clim Il $i3 : dtn.t ker f + riint ker.f a riitn l.rrt f : 3 - 1. : Z
ri.s riinr i'= cJim Ez and lm f c Ylz then l-rnf =. llz15. Exantinations in Engiish, h4athcrnatics and Scicncc \\/crc iakcn by400 studenrs. Each
e)(all.rillatici-t lr'as rrrarked out ol 100 and the curnuiative rraphs iiiustraring the resuits are
shon,n belorv. 6 niarkE

s0

Scirec€

ii) Irr u,hicli subject was rlie n:edian mark tlie highest?
b) In r'"'hich subject was the inierquarlilc rung" of th. marks rire srcaresr?r,) In r,rlrich subject did apnroxin-tatelV i5g/,t of siudents score -50 ntarks or nror€.1
Airslver':

zr) The rnedlan (M) will occlrpy ry = ZO1th phce,
b) Thc first quartile (Q r) tne $. : 100rh 

t" The second quartile (ar) q-! : 3 66rh ,,/'

'Ihils referring to the diagrarns:
{' The highest rnediane is for English,/ The greatest ecart interquartile is science
The subject n'hel'e 757o of,students obtained the marks ecuax to 50 and rnore
is science.

N.E: Use the al.rave dlagnarns in Your ans\l,er booi<let tc sltow 3,our rvorki*g.

$,EC'X..'t{il\.I E}: A,trempt Atr,tr, THFtEii ciuestlons i.{S marks)
15. a)F-inttthelength of thecun,e y=1f]-1.liJ)fiorr. x:0 tox= I. 5marl<s

b) E'aly21s IimT-o (, * i)" 2 marks
c) Evaluaie the volume generated bv-revolving the region bounded by the graph of y: s*fromx : 0 tox : i around x-axis. g rnarks
Ans'*,er:

-:l= n.16-q;)

50

aDglish llstbef,:adcs

;("

I
I/

,.;tiar l--
NJ
:t
-l!I
= :tlf, J!lul

l
i
i
I

I,T"-,_
ti

r-engrrr = f,e}_2 dx ::{iG, * e-x)dx : )1", -e-,ll :
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A2

/ ?\?t t rr@I)) ii!ri*_o (1 -;J = (, *;,) = 1*i=.I;.

Ler r,: Iinr,,-- (f * l)"
\ ri,/

!rrr,: Iir:,,-"j rrl,(, * i)" = Inri, - iiri;.,__, nitt(t* 3) : - o
Inl 1+: l

ln r':lin: \ n./'' ;;; i
t,,iti.3), -2- 1lnr,: lirn-ffL= Iirn #r-;=i!,,1 .3r _ iil* 2.=Z

, - 
r,-- (;/, ,,-- 1i 7 n_ro x*Z ,_-"i r*1

lrl\/- I
''t

]'= e-
I 7' a) ln tlte gl'oup ol l2 inteinational rclcrccs rhcrc- irrc tlrree fi.onr Afi.ica,four fi.orii Asiaand fir'e fronl Europe. To officiate ai a tor)rnarrent, rhree referees are chosen ert randoir.rfronr tlrc group. Calculate thb proirability rhar

i) a rclcrce is choscn frorn eac-h continerrt
ii) exactly two refcrees are chosen iion: Asja.
ii) thc three referces are crroscn fronr the sanre coiltinent. 4.5 marris
b) Fora given set of data (x, y) it is knou,n thar rleans i = 10 and.y:4. Thegradientof the regression line y on x is 0.6. Find the equation oi rriri.g..ssion Iine and estimareu,lren x:12.6 ma:-ks
c) Sketch rhe graph 6S;2+y2-2y + gy+13 =0. 4.S nrarks
Atrsr.,,er:
a) n:12

Africa :3
Asia :4
Europe = 5
n(s) = l2C1- 121 

- 
72xltx7o : ,)rt3t9t 3x2

i) n(E) = 3ctr x 4Cr x sC; = 3x4x5 = 60n(E) 60lj:-_.__A.Zn(s) 22o
ii).Frob:bility tlaat 2 rcferees arc fioni asia e>:activ
n(ii) =('C2x,Cr) * fc2xscr) = I g+30 =4.c; 

-----"J

P=3 =a.zi2?a
n(E):36l + tC, + sC:: I+4+10 = i5

p- 15

220
b) x=1A,7-4

Gradien{ of regression line of y on x is on f
)-I = a(x -V) y on x
y-4:8.6(x-I0)
],_4 = tj.6>;_6

y: S.6x -2

-v = 0.6xI? -Z = 5.2
nI

x'+yz-2r,+ 8y+I3 =0 c+ x2 - Zx * ),, + fry : _i3

,1
,,/,|

/.



F
[il :

li

r
i
E,

t
i
i

I

i
b
Fi

44

*+ (xz - Zr) * Lr,, + B:r,) = -;:
e (xz -'Zx * 1) - 1 1- (),, t- s;,+ 16) - 16 : -i3
<.+ (.t-i ;r +1.r'++)2 *-t3+t+t ti <=, (>:-l)?+(1,+4,p: : .4

The equation for the circle has l'adius 2 and centred at (I. -4)

I
i

I8. a) Detennine the real nuntber a so that the lollowing lines in ihe plane intersect x-y+l =
A;2-;<-y+): 0 and ax-y+3 :0. What is rhe intersection point? 3 marks
b) Ust tltc vcclorproduct to lrrid tlrc arca olthe trianglc.u,,,irir vcnicc-s A(i,0, -1), il(4.2.
5) and C(7, -2,4). 5 marks
c) Prove rhar cos(; - g) : sing.

d) Solve the equation: sin3x - cos2x = 0 for xeg. 7 rnerks
Arlsu'er: ,.1

a) \tr/e have to solve the equations 7:
(x-y-1-t t x=.-1
lzn-y+2=0=r,l y:0
(o*-1,+3-O (ar-y+3=0
'FhusaCl)+3-0=+a:3
The pcint of intersection has coordinates CI, 0)
Xf A(3, 0, -i) B(4, Z, S) 'and C{7, -?,.4)
Then ihe area of AAEC is; llTB' nEeil
,48 =fi,2,6) and Ve = U-,-Z,S)

yaE n .ff = li Il=.r+!ei-1oi
14 _z sl

Thus the area is :\IT7,TTTTTTF- =)Am
.or(i - S) = rori casl * sin!sinl = stne
Sin 3x-cosZx = 0 =+ sin 3x = cos2l:

* .ou(f - ,r) = eos2>: +; - 3x = *Zx + 2kn, ke fr

o)

c)

d)
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a_

3t:: 2>:. .- Lktt =
{L+zp! i+t10 s'2 -

x=-
10')-

ZkTt 
)fri eri

i 9. a) Let , : +f bc a conrplcx nu,rber. E,aluate 2200r- g r;rarks
b) Lct rp: 11' - O': (x, y) n I (x,y) = (Zx * 3y,x + Zy)

i) P'o'e that rp is rinear transfornratio, of rhe vector rp*. (a, fi2, +).
ii) shov" tlrat p is a biieclion (one -to - one arrd onro) arrd define its inverse (E-\? j

lira l-lts
A n sri'er':
a) 8:9'"2 n 9,?.: (r",]') * 6(2, v) = (Z:: * 33t, x * Z3t)

6 is [ineo"r i.f y *ie resr, a, s and- two uectari'.1r,7)and.i(a,b)of g12
X4te izaue 6(ai + Fi) : a6il. + B Si + gyi
6(ad + Fi) : 6exil" + Fo,ay + gb): fZ(ax + 8o) + 3(ay + pb), ax * pa + Z(ay + fib)]: a(Zx * 3y,x + Zy) + Sea * 3b,e+ Zi) = oA,G',y) +S6(a + b)

= cd(d) + ps(i) e timeat-
n-et sho*' that 6 is il"re bijection. I-et [:e (a, b] € *i.z e xista,,ce _ t _one unique (x,y) € giz suc!: that 6(x,y) _ (a,b)
6(x,y) =^(s, L) <+ (2x + 3y, x+2yi : (r, Li 

\ ')

_(Zx*3y-q
H., (x*ZY=11
o{r=Za_3b

LY= -a+2b
Eeing given (a,b),there exists aunique(z,y) = .(r? * 3b,-a. + Zb) swcht thc:td( ,,t) : (e, b) .lTlzus 6 i"s bijectiue, fro-rn the previo"r,iru aiaro" i)a-1 *? 

-,ti-': Ft' - R2 : (x, y) -* (2x_3y, _x+2y)
N'ts : To siiorv tha{ 6 is bijection and defines d-1 we can inverse the rnatrix
I,r : [; i] * u amd M-, deduced d_1

20' Prove that tire set of ail coinplex numbers that have absolute value (modulus) I forms acornrnutative group u,ith respect to multiplication. 15 manks
Ansrver:
I-et note S the set cf complex numbers of rnodule 1i.eS={Zee:lzl=!}
S+ { }becausez:LeS
To sircrv that s i.u to-*1*-utative group. Let shorv that s is stable and closed for thenautrtiplication: TIrat this ,arv is co'mrnutati'e syrnrnetrie
S is statltre trecause yZ e S,VZ, e S we llave
tr. The larv is cornmutative and associaiive as it is in C
2. Let e be the neutratr etrement of S for the multipi;"*rn
i.e Y Z e S Z.e: z: e.z we hal,e
z.e=zez.e-z=0<+z(e_X)=0<+ e_i:0 hecause z* fi,2 e s) €i e=i r
Thus I'l's the neutral elenrent.

r'"Y' \/llll^It:z e-,'a- t^^;t;t-r^-i,. -^:-,.^--,,Ai-^r^ E-,ta:,4D,4nit oDrt.rrr,rrr trrtlo?tu^^r
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3. 1zqf iry:if the larv is s1'rnmctric

l_etz: a+bi € S

f-., nrd 2: = 1*1 i e S such thatV-|y'-' =

ZZ, :1 <+ (a+bi)(x+Yi)
(ax-bY=L

-lb, 'l aY = a
, *- o

\ ^ - az+b2<=+j b
t^, 

- --\J' - az+bz

As az *'oz = i
- ( x=$

\u€ fta!€ \y = --i;

Thus the inverse atLisits conjugate Z'

l'D\,E:.{CED Ltr\/E,L n(ATI{EI\/[ATICS ]rIA.TIol.].lrl EXAR{I]{11-Io]i PA]]il}i ?0{i9

SECTION A: .4ttempt all questi-oris' (55 rnar-ks)

o r. a) Find a' ror e - [] 1=l
;; ;;; ;*; rc'ir;,."1i1nsfonn1tloi ".r ::l.I:'tor 

spaces Find r(v) and r(*')

;i(;;;;):3v-rv and r(v - w): 2v - 4w' 3'5 marks

Ansrvel':

a) ^:[i 1r1

:+ det O: [1

if

= -9+8: -1 * 0 ?):-(T -il=+ A-r:+(;

^ {r(u) + zr(w) = (3u-'] o V'"' - 
lv - 3ts)

* tri"i - r(w) - (2v - 4-vt) - f r(r) =lv + v't

r3 2\
[-a -E)
ff(v*2w)-3u-utb) tri" - w) :7v - 4w

02. a) Find the derivative by the limit process: f(x) : x3-x.

b) Show that this functitn is continuous f(x): lx + 2l - 5 6 rnarks

,A.nsrver: ?

;';;'= ,JS lgj*e = i;$ 
/(x+h)3-l!r+h)-:3+x = iiS 

3T 2h+3ritz+h3-h 
-

(x+z-|;if x> -Z ( x-3;x>-Z
b) f(x)=lx*21 -5= I -s;if >:= -Z ={ -5;x= -Z- 

f-, -2' :s;if x <-z i-'-7;x I -Z

since f discontinuo*sir, ]-2, +"oI u ]-*,-2[, as polynornial function' Let study

the continuir)'';rilr. e-int x =-2, ,!g-f tz) : 
'Ig-(- 

x - 7) = -5

'I5*f!") 
= ,Iry*('- 3) =-= 5

as tl.te timit st tlle lef t and, tne'tiitt at. tfue right at the point x : -2
Conclusion: f is continuous on B

.17+V
03.Letf(x):_--gwherec>0.Wlratisthefunctionoff?Howcanyoudefinefatx:0

in order for f to bJcontinuous there? 3 marks

q-rZ 
- 1
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. lLIlSll Cl-:

Deilne f, at x = C in crder ior fto be conti*uous there nral, calculate Iin;/(r)

i;rrr-"I?*:=I /.F
.r+0 .r .t 0

,.,-- r :'i-c?-c * r:.- ,'?*.r-._ ,,--- iv!i7-.)(r/i*.2r c1 z+c2-c2 iilrii:------#-r: Iinr _:: Iinr _____:__:r-.C .t r*]0 r r*0 x (J:+c2+r; i--d x 6l x+cz+c) ii'ti 17r.a.2a.1
-L

(Jx - cz ct_---__ i6".. r 
^i .) 4 7 v

f[>:)= l ; ]:

I i ir+.-tr\ tLJ ^ - v
04. A -qroup of 50 people \,r'as asked \',,irich of rhe three ne\l/spapers: ,,Imvaho Nshya,,,

"Unruscso" or ''NcwTitncs" thcy read. The results stroiveO that 25 read imvaho Nshya,
l6 read lJmuseso, 14 read Neu,Times, 5 read both Imvaho Nshya and Umuseso, 4 read
botir Urnuseso and NcwTirnes, 6 read both Imvaho Nshya and NewTimes, and 2 read all
three papers
a) Represent these data on a Venn diagram.
b) Find the probability that a person selected at random from this group reads:

i) At least one of the three neu,spapers
ii) Only one of the newspapers
iii) Only Imvaho Nshva. S ma;-i;s

Ansl", er:
a) i be the set of people rvho read .,inrvaho nshya,,

LI be the set of people lr.ho read ,, Nervtirnesi,

.,|

?:

I;) i) p (a person reads at lezst one cf the (liree nelvs pepers) = I_p (pcrson dces not
nead these nelys pepers) = i* =* ="50 50 25

ii) p (person rezds-onty one of rhe'ne*,spepers)=#**** = #
iii) p( Ferson reads only frnva]io nshya) = * : 3's02s

Locate any relative

rnarks
extremum and inflection point of the real funcrion f(*) = t' - lnx. 3

05.
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A risr""'ci-:

i{r'} =---lnx
2

i.(;t): x-! cnrif"(x)
{'(x) :8 <+ x : -l-l-; fl' x)+0VxeDa,-it

1^(xi

Domf : ]0, -[
t ,.2 tt

-1 a1

+oO t/
,/7

i'rdiilits a nrininrum at point x: tr. That nlininlu:n r.alue is % (aL:soiuie):
It\! ) =, I-i- titl = i.

'Fhe function iras no po!nt cf inflection because f,,(x) + 0 v x e Dom f(:(,. Iri Euclidian s;;e.ce 1!i3, -i, . ):
ir) Find the t'cctor, synmctric and parametric eqirerions of tire line passir:g tlircugh p (1.

(x= -7i2to, -3) artd parallel to the line rvith the tr:ara,retric equatio,s I -r, = 2 - ,
( z:3 -l- 3rb) Find the z coordinate of B if the distarrce berween A(4, l, -2) andB(1, _i, z) is t/17.

4.5 nrarks
Ansr,vcr:
a) lL ite riinector- r,'cctor" oi'tlie aske,ii straigtit Iine is A(2,_i,3)

Let note the straight Iine D
The vector equation is

The s",'s(ene of Cartesian equation gu 11 - --y = '+
r; dt: E) : llTEll = : {* +{+ qz + zy :

t/-i7 a:ar-ap = d.(AB) = ,m
L7 + d"z * z" = 3-7 e z(4+zj:0 c+ z: _4 or z: tJ

T ltus B (tr, -L, A) or B (1, -1, -q)
07' The letters of the word h'{ATHEMATICS are i',,ritten, one on earth of I1 separate cards.

The cards are laid out in a line.
a) calculate the number of different arrangerrents of these retters.b) Derermine the probabiiiry that the vowels are placed together. 3 rnarp.s
Answen:
a) {rt-f , A,T, El, E, M, A,T, I, C,S}

The mumiber cf possible arrangerilent is -I!- = 11
li) If tl:e vowels AEAI rnust foltrorv ,*. ,noilrui, ** ilur" the bloc AEA.I as ,,one

letter" thus the nurnben of arrangemsn6: Jl 
but as tlie vorvels can swiicpr

Fx = )dor 0* = Ai + oF with x Gny point of that line(x=24*L
T'he pararnetric equati **l y :"-1' ' ;

lz=3).-3

(! 1- -t J-+

t
i,
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betvieen thenr 1 u'at's the nunrber of possiblc arrangerr'lent is linalll, i.*#=4tE!

2t2t2!

=+ F(r,cn,eis togctller) =M'2!.: -+
2)2t2t17t 165

03. In Euclidian space (fr', +,. ) find all points c on the line through A (1, I , -2a) andB(2, c,
l) srrch tirar ilTZll = 2ilBe il 3.S mart<s
linsrr er':

lllcll : zilEtll e+ {x-ti2+(r,-t}.t+{z+2)7 : 4l$-l)zi 1,:+12-r)2i rvth C(::, .,,, z)
/-ts C lte-s an straigltt tine AB tlzen
| ;-!-tL
I

1Y:1-t FortE$i
l- 

- 
6 , -a

Vy'e obtain tiie s1'stenr

a[(x-Z)7+y2+(z-7)r]
+r
-t
rvith respect to t lr.e obtain the equation of second

3t2-8t+4 = 0 in t'. A.fter soiving rve have t : Z or (

TIius C(3. -i,4) ur C ti,i,cl
Or Metlrod

/L\ /2\

^l:,)'' (?,)
Let c(>:, y, z)

llTzll = z||Eeii eve = *B?
Ee : Ztse

2x-4*2y
2z-2

x-L=-Zx-4.
y-L--zy

z*2=-Zz+2

83, repiaci*g x, y, z by their values
degree:

,2

,3

.,|

Case 1 ,* (;- l) = ,(";') *{" ;:;\z+Z/ \z-X/ lz+Z=
x=3, ), = -Xrz= 4
Thus C(3, -X, 4)
Case 2:

AC: _ZEC

G)--,(;i)-{
oJ,y:!,2=Q
rr,us c(J, j, c)

09. A manufacrurer lvants to design an open box having h meters as height, a square base
rvith side x meters and surface area of 108 square meters. What dimeisions will produce
a box v,,ith mbxirnum volume? 3.5 marks
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Anslver:
F,'e knolv that \/ = xl.h
T'iie surface area is S :4hx+xr

.,27 1
! ntrs n

x4
x'=>:'lT-i.l:27rlx3
\/'(x) = Z7 -1xz

= I08

>: 0 6

V'(x)

\r(x)
108

AZ \

Thevolurneis maxiniurn for x:6rn and h =3m: and ttrevolume v $1s*6x 3:
I08rn3

I0' Tlre cumulative frequency curve has been drawn from information about the anaount of
time in minutes spent by 50 peopre in a supermarket on a particular day.

By iilj!fu4NGA Seroc.
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s 10 15 1.t) 25 30 :_i -JO

Tiiue (n:iautes)

a) co,struct tire cuniulaiive frequency table taking boundaries s5,<10,<15,.....
b) Horv many people spent between 17 and 27 minutes in the supermarket?
c) 60% of thc people spent less or equal to t minutes. Find t.
d) 60% of the people spent longer than s minutes. Find s.
e) Estimate the median. 4.5 rnar!.ts
An sri'er:
a) 

.T'he 
table teble oflcunrulative uencies, I'r,e note 1a,bl bv a - b

T'ime(niinutes) 0-5 5-i 0 10-15 15-2C 7A-25 25-38 30-3s 35-40

Curnulative
frequencies

2 4 7 L3 25 t1TI 47 50

b) On the diagi:arn, we obserr,,e tllat 3l i:eople spent under 27 n:inutes otherwise 9
people spent under 17 minutes. Tlrus 30-9 = 21 spent betlveen 17 and27 minutes.

c) 6a*/o of 56 it 60119 : 30 thus 3$ people spent t:26 nlinutes in the super rnarket
at i?iore.

q 6AeAofpeople
=+ 30 and there ane 3S people rvho spent Ionger than S = 23 minutes !n the super
rnarket (see graph)

e) The median is 25 because, using ihe horizontal llne
Y=l(w'lzeren=50)

6' 50
tr
a
7
o
i

C/.E*
=
a
U

j

!

4..,.t

D

f
, _... (

t"
Iil

!:
li

I

:

I

l

f

I
1

30

2A
/'/

''I

0
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2 : ZS,tttis line teets the graTtk (the curve)&t f :
z

75,that is,tlie nrcdian is 75

ll. a) Find the roors o1'the cornplex nurnbcr z='JZ + tJz. Write ansu,ers in polarform.

b) Il'T: !1? -+ llz transforms eaclr point to its refiection in the x- axis, prove that T is

linear and u,rite its matrix in the standard basis of the vector space (9i, fr2, *). 3 martis
Ansrver:

a) z: r[1 + i\[7- lzl =
/J1lcos$ = -j i+a:i+zto,vkez
[stn# = -
The roots of b:rare of tFre fornr

zx= ,[11.r'(;T tz) + rsrn(; + irfl] !: = cl, tr

i.e zo: ,tliro' (f) + iri"l;;]
z,: JZl.", (T) + i't"ff)]

b) T: R2 '+ F,2: (x,]') * T(x, Y): (x, -Y)
T is lincar if Tf(x,3t) * (x' ,y')l: T(x, y) + T(x', )'')
and T(a(x, y)\ = aT(x,y)f ar n e SI (x,y) &' ,y' e nz)
Or T((x,y)+(x', -v')) = T(x*x', y+y') = (x*x',),*y') : (x*x', -],-],'): (x, -1')+(x', -3,')
: T(x, y) + T(x', y')
T(a(x,y)) = T(ax,ay) = (ax,-(ay)) = a(x,-y) = aT(x + y)
Conclusion:Tislinear
The canonic base of ts2 rs P((1,0); (0, t))
We have T(1, 0) = (1,0) = 1(1,0)+0(0,tr)

T(0,1) = (0, -1) = 0(1, 0)-1(0'1)

The nratrix of T is (1 0 \
\0 1)

0tlrer method
,: ^/7 + i{2
Let t : x *iy such thattz = Z
(x+f i)2 :,lZ + t lZ
x'-y'+ Zxyi: J1+ tJZ
Thus x2-y2:r{1 G)
LxY: ^{2

(2)

.,1,//

In addition lz'l = lzl + xz + yz = 2 (3)

(" - Yz =."17
\Ve cbtain the s5'stern 1 ,r, = JZ

\ n'+l' =z
Fqom (1)+(3) rve find: ": *Jry
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t;-
Frcnr (3)-(I) rte find: y: t- l+' -\2
As -r:1,) 8,x and y are of the saffre sigtl tlrcn we lltve

r----= r----=lz+'lz Iz-,12 .tr: ,-i'\z v2

b) I--ind tire values of the consranrs a and b such that Iimr*o 'fa+q-$ - "F
Answ e i':

ai i1 [2rz,dx: [# r,f'_r:*t, -z-\:*=*
;i) lr"tr ax = [.,17:f]1i=,tr, -, - Je - I : ^lz8 - L

Jc+ bx-\r;ii) l,:; T= = V3 this can happen if r.ye have rhe I.F I t. e a = S

Ja+bx-Jj 3+bx-3 biin]- = Ili-fl::+0 .. -r--ti:(V3+bi+V3 Zdj
br'l'lius 

;,U: V3 this gives b = 6
.i;iT=_-ti l

Concluslon l,g-;: = /3 if a = 3 and b = 6

13 Find x arrd y so trrat [_1, :r)l; )] =li lu] ,., nrarks

.A.nsrler:

(!, :r),(; )= G :r)
e( x+s 1+6)_1y 7\ t.\-2r-6 

-z-il-\y -6) ,).

*l ,+9=y (x= -S "oi-zr-e =y o t J,=4
14. usin-e matrix inverse solve the systenl for real numbers x, y artd z:

{ x+3y-22:!
I y+52:2 3marks
l-2, - 6y * 7z = o
Ansrr'el-:

3 marks

{ x+3y-Zz:1 /-L 3 -2

lii]Z; i,:: r- (--; j, ilA= (;)
The raatrix of the s3, /-'r 3 -2\

stern is 
^ 

: 
(-0, :, ; ),'nt 

determinant.4:3 * o

/37 -10 2\
CofA:{-9 3 ol\rz -s L/
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-S I thc solution
1/

/ r/l-io
\z

L7\ /1\ . /37- 18\ rj\
r)kl =i(-,0*.) = 

[ ,iJ
\-l\3 /

0

-Y
2

U

of tlle svste$r is

Tiiez'ef ore r:*,y - -1,r::
15. Lei the binary operation *be defined on Z (rtng of integers) by ^*),: x+xy+y

a) Calculate 2*(- I), (- 1)*9, and 6* 1

b) Detenriine'whether'iis conrmutative, associative or i:either.
c) Detennine wliether or not there exist an identiry for'3.5 rual-i":s
./- li sr';cr:
a) ::*3' - o*"r'*,

2"G1) : 2+2(-1)+(-7): )-)-l : -7

tI)*9: -L+tl)9+9: -1-9+9: -1
6*t : 6-6(1)+ i =g+6+1 = i3

b) " is commutativeitYx,y € Z,x* y : y * x
x*y : 1*y1,+y:1'*3x*x (+ is commutative)

= 5,*yx*x (is comlr:rutafive)
: v*x(definition'of *-)

Csnclusion: '! is coirrn-lutativc n Z
* is associative if x*(y*'z): (x*y)*2, Vx,y,z e Z
x*(y*z) = x+x(y*z)*y*z

: x+x(y+yz+z) *y+yz+z
x*xy*yzx*xz+y+yz+z

= x+xy*y+-(xy+x+y)z + z
= x*y+(x*y)z+z
: (x*y)*z .

Conciusion : * is associative in Z
c) Letetheneutra! elernent. Vx e Zwep,lwstliave x* e = x = err x

cs * ls comt'nutative,it is enoughthat x * e : x
Thenefore x*e = x €)x*xe*e >l

<+ xe*e = 0
<+(x+l)e : 0

€+x*X * A + e:Aprouided.x*trtherefare e = 0 istheidentitvelernent
for the operation *'

SECTXOI.I E: ANSIVER. ANY TI{R.EE QUESTIONS (4S naarks)

16. a) A population (P) of bacteria is changing at a rare of !! : jffi u,here t is the time in
days. The initial population rvhen t: 0 is I000. Write an equation that gives you the
population at any time t and find the population when t:3 days. 5 rnanks

/1\ / 37
(,)=i{-,0
\0/ \2

(;)

)-

/.1
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b) Find equarions of rhe rangent lines to tlie graph of f(x) :9 tnat are parallel to the line

2y*r:6. Find critical numbcrs as vrell as asynrptotcs of the furlctiorl. 7 nrarl':s

.j Irind the equariol of circle rvith center (2,2) rvhose graph passes through the point (3,

5). 3 nrarks
A msrl'cr:

,t) +- -1e0!- =, Id.it = I j;H dt== 300cJ#:3C00I 3!!=1200a{*
' ct 1+c.7.5t " l+u.tsL

= 12(10(} icl4-r- tlr-C
dp: 1200{} lni4 + cl +C i.c P(t) = l2000lrilz. -1-

=:12000inrj+C 
:i0S0 * C : 1000-12000in4

=, C = -15635.5 hence n)(t) = 120C0 lnl4 + rl -
\\r!'een t= 3 =+ F(t; = 126** nn7 = 1000
Cr
att:0,P:I000
"+ tr0S0 = 120001n 4+C
C : n000-n20001n4 = -X5635.5
trq: F(t) : 12800 inl4 + f l-i5635.5
At t : 3, P(3) : 120001u7-i5635.5 = 77-j-5

[i) The slcpe ef tiie line y: -'r, * 3 is equa]
. 1 - <-x-L

sloPe f'(xu) : - j therefore f'(x) =fu
-', -1 .i

{-(xu) = ;-* = +€ (xu-i)' = 4 ++ i; 0 =
(ro - !.)-

thus rve have two tangents of, equations:

8l +C = 10CI0

4P/-t- fl-JOJJ. J

ta -:thusthe
2
_1

(x-7)z

3 o:- ::o : -1

tangent on curve fxas a

I

Tt= !- f(3) : -iiu.- - z)arrt= ! - 2 - - jt, - sl
'[z= ! - f (-x) = -)t* * x.)orTz= ? : -:(x + 1)

{ ?)l :} "" 
e Domf = no criticat paint.

A. Ei = ? = L because ii6lr-* !4: t
\,I ,+: --1i 

X+l
\' .lnL= x - L, bec1-ilse lll;lr-1; = -
No O.A
{t '/r') - 

4
^ \^,/ (:_11:

c) The equation of cercle is (x-2)2+(5'-2)' = R'
As (3, 5) € to ti:e cercle, rve have (3-2)2+{-5-?)2 : R'
Let be R2 : 50, tirus (x-Z)2+qy-212 SO o!-x2+y?-4),-42 = SG

17. a) Consider the point P (3, 4) and the circle x2+,f : 25.
i) Is P a point of tlre circle?
ii) V/hat is the siope of the line joining P and O(0, 0)?
iii) Find an equation of the tangent line to circle at P.

iv) Let Q(>:, y) be another point on the circle in the first quadrant. Find the slope m, of the

line joining P and Q in terms of x.
v) Calcuiate limr*o mr. How does this number relate to ypur ans\ver in part (ii). 7.5

marks

Yf t /7 /4 p / n/{ t .Sr; AnNh A pV,ECF{AOL
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b) Stuciy tlie foilou,ing graph of a function f and ansq,er the questions that follow:

i) Find the domain and the range (image) of the function f
ii) Finri limr-* f (x)
iii) Determine rvhether the function is an application, one to one (injection), onto(surjection), bijection or neither. Justify your answer.
iv) Find inren als of increase and decreaie for the function.
v) Find the deri,ative of f at x = - I . provide justin""tio" i" your answpr.vi) can you guess the number of zeros of the functron i? Crr. rrlriui"rr (a, b) such thatlb - al = 1 in u,hich each zero lies. d.5 rnarks rr -'\-' -,t ---" ')

Ansrver:
a) f=x2+y2:g5

i) p(-?,4) is a point of the cercle because 32+42 = 25
ii) The stope of OF is I

J

"oJr,oltrJ 
+ )'uy:25 far P(xo, ],o) e cercle thus To = 3r * 4y = ZS oy y _

--7+_44
iv) Let Q(x, y) *,itli (x, y) e ffi2rRz amd. xz + yz _ Z,sv-4ni,=h as Q e cerclewehaueVz =ZS _ x2 + y = .,[2{_p3, > 0)
T' ii;i-4
L rlUS mx : -;--

r')tinr,*3*, = i,llq: -i,jg;#_:lT!ffi: _;= _;
we see that the lirnit and the slope fo*nd im (ii) have tlr" iooau.t equal to -I thusOF is perpendicular to ttre tangent at point Fb) i) Dorn f = $tr and. tmf - R
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ii),l3yr i(>r) == -J-* and Jinr f(x) : -*
iii) f is an ap;;)icatlon bccause fnl f,= 5? is not irijeetivc because tn,o distinctpoinis ha',,c the sanie inlage. n-et use thc Iior.iz_olltrai Iine 3,:ludarcxample:It cuts (i":e etr-aigi:t Ifne in nlore than 1-1,v,c, I:oiri{s. f rs surjectiom because Inr 3:fr f is not [iijectitte because n*a injectiue.
i-,') f incrr:asu; oli [_4, S, _IJ and dec I qr

',') | iias (Iii-ce ;.eros r;ecause ,,,- .,,r',:-':;: .J;:;,;"'J;i:ili,nrs, {hose zercsI;elong rc (I-rc ir{ervals:.]_6, _S[ ]_2,_Z[ a.nd.tO, itl[3' a) Sol"'e thc rororvrng *quario,r.s in rrriiera of real nurnbcrsi) ln(lnx): 1

ii) In(x+i ) : In(3x+1)-tnx
iii) Iog2(x- l) : 5

f'(x) : -Zsinx*2cos2x
f'(x) : 0 <+ -2sinx*2(cos2x_sl.n2x) = 0
e+ -Zsirrx+2(i-2sinzx) = 6
<+ -4sin2x-2s!nx +2 = 6

I
I

b) Ilou'many yctirs, to the neares t year,'"vill it take money to quadruple if it is in,ested at2AYa contltoundcd annually? 3.5 martrs 
rJrvrru] ru (

c) Detenrrine the point (s) in the inien al (0,2x) at u,hich the grapir of the functjon (x) =2cosx + sir:2x has horizontal tangent. 6.5 nrarits
Ansr','cr:
a) i) Irr(trr:x) : I anci Inx=e=* x=ce,S={e"}

{ :::,
ii) iri(>.-r-i): iir(3.r+I) - Inx <= i ;: _i

l3
( x>a [hr(x+1)=1n(3r1-1)

.,,o1*+, - 3x+1 (*x= L-r/Ze s:{1-18} 
r.t - x (-'-'

iii)trcg2(x-I)=5^ { x> l' -. ( x>L . /i
Tlruss: {33} 

*'l'- 
1 - zset' : ;';L="=2s+ 1 =33

b) Let Co be the initial capital placcd at fhe rate af yek :
Af,ter the firsi year the capiral beccmes Cr : Co {f : Cr(f + fi)
Aften tlie second 3'ear.ft hecorses Cz : Cr{f : a"((u * *)), rhe sarne
reaso,*rirlg conduct us to the fcrntuia: a" : (, * *)" of ttre capitar af,te:- n years
Etr:ZG"/a and C, = 4Co,We have 4Co=C"(;- + #)"* O: (r* #)"e Im 4 : nln(1+0.2) e n = #= g years

c) The graph of f adnrits tne florizontal rangent at [(x", f(x))Jif fl(xs): g
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ii) Ji*r f (x) .= J-* and Jin: f(..{) : _*
i!i) f is an applicatlon becatlse lni f = 5i is not injective because tr'c dis[i*ctpoints havr: tlie sanre in:age. Let use {hc Iior.!z_ontal Iine y:Z for e>lamptre:

il::': 
riie.srraighr Iine !n more rhan ft,/o !rci}rrs. f is sr.rrieffion hec*use Inr.;::r J' is izot btjective l;urornr r--o titjecti.t:e .

i.,') f-incrr:ascs; on i-4, S, -ij and decr.cas", ** l_"o _ _?l u [], +-o.J
',') f lias llircc zeros bccause tirc cun,e cu[{-1X U* ,*,..?*,rtinct poi*is, thcse zeros

-l;elong ro the inrervals: ]_6, _St l_g,_ZI ar,ri.lG.ilJ[i. a) Sot'.,c thc foi]ori,in-e cquariln.s t, U,l l.ii 
"i,:;i;;,;;;;1,i) ln(lnx) : 1

ii) In(x+i ) : in(3x+t)-tnx
iii) Iog2(x-t):5

f'(x) : -Zsinx*2cosZx
f'(-r;) = 0 <+ -2sinx*Z(cos2x_sin2x) = 0€ -2sinx*2(l_2sin2x) : 6
<+.-4sin2x-2sinx +]:6

l

I

I

I

b) Ilou' many yciirs, to the neares I ycar,'"vill it take money to quadruple if it is jnvested200/o corn1.ounded annually? 3.5 marks 'rvrrvl rw t

c) Detennine the point (s) in the inten'al (0,2r)at *,hich rhe grapir of the functjon f(x)2cosx + sin2x has horizontal tangent. 6.5 marirs
Ansri'er:
a) i) In(Ii-rx) : I anci Inx=e=+ x=e.,S={e"}

{ :::,
ii) ln(.r:r-l) = irr(3.x+I) - inx <; i ;: _i

lz
( x>a [tn1:+1)=1'1!rr)

ot"*, =T (+x=r-lZes:{t-\E} 
..1

iii)lcg2(x-I)=5n-. 1 x>1 .. ( x>1 .* --- -.r, 
''''

Tlrris s : {.33}'*' 
tz- 1 - zse l' = 2s +1*'=2'+ 1 :33

b) Let Co be the initial caplta! placeci at the rate of ra/a :
Aitev the firsr year. the capital becomes Cr : Co fof,: C"(f + fi)
Aften the second 3,ear.!r hecornes Cz = Cr{f,T: a"((, , *)) rrie sarne
reasci-ii*g conduct us to the fornrura: 

"": 
(, * *)" cf the capitai a{.ter m 5:6a5sIt r:Z,o/a and Cn: Co,\,I,/e ha'e4Co: C"(;- +#)"* O: (r*#)"

<+ In 4 : nin(i+8.2) e n = # = B years
c) The graph of f adn:its the horizcntal rangent at [(x", f(x))]if f'(xs) = g
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{:+ -zl lsinx+I llsin;{] = 3

Tlrus l(x,,) = 0 <+ sin >;: -1

r 0 xl{,

1

or srn li : -r:
/

Sir.l{r .3 n/6 2 tt

{-(x) +++ (.} -- --- 0 ++++ C +++++

T-he graph o{'f aCrnits Ilorlz-ontal tangents at x : z116 and >; = 5 r/6

19. a) Expr.eis rlre conrplex nunrbers 3n in the standard lor a+bi 2 marks
to1 f ;,-ra ali (real or conrplex) nttmbers >: such that >:3=-8' 4 marlls

c) Write an equation of tlreplanepassinuthrough P (i,0, -i)rvitli nonnal vector

tnt l'i;s

/2\,l

[2 )1\- 1/

d) Discuss ihc domairt of thc function f(x):
nia rl;s
Ansn'er:
a) Z= 3c"l: 3(cos;l-iisinn) : 3(-1+0i) = -3

[:) >:3 = -3 c+ x : (-E)] rve need to determline all cublc

: g(ss5n+isinr): 8[cos(n+2]ir) + isin(e+?trmi] and

are:

r+iv3

1- iJ3

,ffi in realvariable x .5

rocts cf-8 therefore -8:8en'

'"rE: -V-a 
l.o, (lr=) -

is orthogonal

the plan firrallv

isirl(r:?)] 
"" 

!i = (;, 1,2 thus the x

x,: 2(cos | + ts,rr I) = r(i * f;) =

xz = 2(cosn + isinri) = 2ti+0i;\ :'2 
_

x: = 2(cosf, + irir,:=t) =, (}. f)
c) Let be ii(x, y, z) any point of that plan then tiae vector

/2\
to t 2 | anol ttr.reref'ore 2(x-1) +2("v) - 1(z+1) : 0 is the

\- r/

'"(i;i)
equation of

rye hal'e 2x+2y-z-z:0
d)r(x)=m

Dorn f :{x e lil x2 - 4nt-xt 5na- 1> E] byso}r'ingx2-4rn>:+5rn-1 *'ehavex=
Zzn+ix'-Srn+t
>: is rea! if 4m?-5m+i) i.e: *>] ,t rn ) L

For nr) 1 or rn ) 3" we have two distinct palues af x and xz - 4rnx +
Stn- 1> 0

If x< 2 - .!4A- Sn + 'L or XI'x< 2 4 ^{477s2 - 5rn I 1

Tt,u:s the domf: i* tfi < rt S 1]-*, Lnt -,lW - Srr- + lI u ]Zrr +

JEA=sm + i. *[J ro" *,< ] o, .......

20. a) Calcuf ate J ffi d.x 2.5 marks
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b) Lei r(x) bc a nunterical frrnction. Describe a rerr-tovable disccnrinuity at a poinr x = a.
js thcrc anypoint tirar illusrratcs liris typc oi'disconrinuilvgivcn rliar rixl=I1? s
nra rkg
c) The tab!e bclori
dui-iris tire fi

strnrnrarizcs thc
k ola certrin nr

resul(s of all thc driving tcsts at a ce nain Test center
)n th.

a) I: I;* dx: - I+## = -rn(1 * cosx) * c:
(2k + 1)rr
Other method
r r .s l7l.rr: i i+.*, dx let,pose t = X. * cosn €) df = d(1 * cos::)
dt: -sinx rix =+ silrr rix : -dt
i :-J ; = -trrlrl * CrhusI : _l;rll + cosxl + C

b) Afunctionf(x)adnritsarliscontinuitl'ofthefirst[,peatpointx=aifitisnot
continuous in x: a but admits the definite iimit x,iren x tends to a. xf f is
extendable for continuity in x =a.
t-(>) = ll f is not ccntinows G.t x = Z because Z *. Daw,.f,..l

i;-irt iim f (x-): lim 1-2,:9IF :t
x-Z ' ' x+? xz-4 0

- r:-- x-2 1= ,,I; (,_z)e+a = ;
Tti.tts f cdntits t!rc discantinui.ty of th.e f irst t3,pe in x _ Z

lie the Rerson ltrho n*ssec qrrcrpectwoht t\ab t^rt ^*i n .L^ - --

I l'airS

l,-,I rail

r) A person is chosen ai rar:dorrr frorn those rvho took a tesi tlrat week
" Fiird thc probability that the 1;crson passes the test
" Find the probability that it u,as a fenrale 

'rho 
failed the tesr.

ii) A malc is chosen. What is the probability that he did not pass rhe tesr? 7.5 nrar-ks
Anslver:

1n--1---cfarx+
I + CCsr

c) I-et F

i) F(p) =

P(Fntr) P(P/F) P(F)

7S

9B

=
15 58 15

58'98 98

)e \r,;ee t( ol a certatn lltotit
N4al e jrerr a Ie

Pa::s
32 q)

Fa il
n l5

r!.tlrr l\ino Ilasscs successi velv the fpcf qnri }i
N4 tr TOTA,X

R
32 43 75

E
o(l x5

4:0 co
JO oa
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i) P(F/F)=*#=*

AI}VENCI]D LEVEI- N4 ATI{ EI\{ATI CS NATN ONA i. EXAN{TF{ATI ON PAPE}I 2 O 1 O

(R4CB,Ir{EG, R4PC, h{PG, PCn4, PEh'f)

SIICTION .4.: Attcrnpt al! qucsfions. (55 nrarks)

01. In arr ariti:rnetical pror:ression, the tlrirteenth ten'n is 27 ar:d

sccond. Find thc first tcntt, the cotlnron diffcrcnce and tlie

nrarks
Ansrver:
In anithriietical pi-ogression (AF)
Let a1 be the llrs{ term and d be the co,in-i}on difference
an : a+ (n-1)d
a13: a+(13-1)d e a13: a*I2d e 2:n:27
?t7 = 3C2

<+a+ (7-1)d : 3[a+(2-1)d]
<+a+6d :3(a+d)
6d-3d = 3a-a

2a
-Jd=-

3

a+12d:27
Again a+l?d: i7
a+rz(!): zt
a+4(22) = 27
a+9a:27
9a=27
a:J
. ?a 2.3 _a

---L33
s,: |{a+a,)
S, : ]1a+a+(n-1)d| 

(* Sn: ]tza+(n-t)d)
s,rl{2.2+ (10-t)2):5(6+18) = 110

02. Find the equation of the normal to the curve 2x2-6xy*y2:9
.4,.nsrver:

The equation of the norrnal line to the curve is given

N= y -y" : - l1x-x") rvhere P(4, i) i.e yo:tr, \o: 4

\,,=+ e 2x2-6xy+y2= g
"dx
4x-6 .,,+x9)+2v9: od.x' " d.x

At the point (4, l) rve obtain :

16-6(\+4-2\+29J: I-' dx' d.r

1

5

the seventh is three times the

suil of thc fir.st ten terms. 5

in the point (4, 1). 5 rmarl<s

..1
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crla-2id)--Uoi-I=]-9-:tlt .Jx 22 11

then the slopc of'tlic nornial is

- 
7i (.- -. o\
5\^

o' y: i--+ e - 4)or-y =:

61

- )'o
1 11

- 7 - -; anri (lie equa(iun as}.:ed is y _t =)'o 5

- ;.r aT 11x - 5y = 4.9
Other nrerhod
2x2-6xy+-i'r:g (4,1)
Tlre Cartcsian equation of'flie ncrnial

f i.k,,- v,,)i\= i, _\,,, ::#{(r:_>:,,)
f ,.Qo-y)'

)tI= ,, 
-., - 

6xo-2)'or-. -. tr\= -Y -]'o : c;;*t;.-x,,)
- -24+2f,= .r' -I =:(X-4)- 16-6

_aar-t=y-I= *(x_4)
I'{=y-1=}1r:-4)

+9 11I\: v=---X-55
03' Two macliines A and B produce 600/o and 40o/, respectively of the total output of afactory' of the parts ilroduced by rnachi ne A, 3Yo are de fective and of the parts producedby maclrine 8,5% are.defecti,e. A part is seiected ,t ,unao,, frorn a day,s productionand found to be defective . \\/hat is the probability that it c;me from machin e A?  marksAnsrver:

Let A I;e event that the part is produced by the rilachine p(.4) : 6A0/, = 0.6Let B tlic event that tl.re part is produced bl,machine FiE)'= 4|o/o = A.4[-et E be rhe part r:]i:Li:.d:fective p(D): F(An D) t p-ir" 
^." reguired p(,4,\D)

P(A\D) :o?,ll) - P(x)xP(o\A) 
- P(A)xP(D\4 

- 
- 

it^1,op1a| ,;.,' 
ou^oo='('' r.#f) lfp'1"'-=ffi=

:.-:-=+:+__0.6x0.03+0.4x0.0S 0.016+0.020 - OtSS - iS
Other w,a3, (Eoi,es,s tlieorer,:)

P(A)xP(D\A)P(A\DI- rtn)xrv)\A) 
- 

o.6ro.o3
p(A).p (D\A)+ p(r) F(D\8) - o6r.0.03_04,

j_:_

03+0.410.020 3B 19

189
19ttA The anrount A(t), in

i?; ]|XUIA[;]' '" 
grams, of raciioactive material in u.u,r,pi" afrer t years, is given by

a) Find the alrourt of materiar in the original sampre. 1 mrarr,:b) calcuiate the half-life of the materiat.lir.,e nalf-r;fe is the time raken for half of theoriginal material to decay]. 2 manl<s
c) calculate rire narrre taken for tl're materiar to decay to r gram. z marksAnsu,ey:

:J IIr- initial (originat) sampXe A(r) = SC.(z) = 80gb) For the half-tife A(t) = 49
t

=+40:S0(2100) =)= Z#* 2-t'=Z#++-!:-?.<+ f :i00
So the sarnple of the half life is 100

<+jlog}=IogB0c) A(t): I €+80 (r,*t ): r <+ ,# = *
By liA)'IRANGA 'f,erop- {nrilitninr in crioete trtltittntc v/(:zp rhn,4 cE/ar!Arrr /t}v e/1tr/.tAr
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FF
I
!

i

i

:
l,
I
!
; €+[: 700logBA

!o a2
: 632

Or In2rto = i: 
I l

tlrcn t : 632.19
05. Find tiie angle benveen tlre Iines

x+2 y+1 ^ ,-r+? y z-1
z = z:-Leiid , =;=- 4n:ar.ks

./r I: sHrtl':
Thc vectors * = iia-2j-k aild ll : 2il-6j-2i,. are par.allel to tn,o stralght I!nes if
fi is tlze cute crlgLe betweenZ lines thetr

^ a.h 16 i6cos9=-=_-_
Jx7 Zl

rlrus6 = v1t-7 (f) : o.7otyL4'/4.I4(ra.d):4a.3{tj
06. Suppose that the profit P obtained in selling x units of a cefiain iter:l each week is given"

iry

P = 5OJx - 0.5x - 500, 0<>r<8000.
Find the rate of change of P u,irh respect to x when x: 1600. 2 marks
Answer:
The rate of, cirange of p rvitli respcct to :: is given iiy

* = *(s0.6 - o. sx - soo) = #
At the point x : tr600, rie have *: #- B.S 

= ;-i = :
07- Find the intervals for which the foliou,ing funcrion is coniir:uous:r.1

r(*) :.1 xsin:'x + o 
2 marks

( o,x = o
A.nslver:

1.s:ncey::i.scovr-tinuausexcept,inthepoint;r=0 and.ths,ftLrefunctionsin
is ever3*r'irere contirruous. \1/e need cnlv to verif;r the coi:finu ity/nt tbepoint x : fl
At that polnt lim rsinl : 0

:+0 x

100/n20
ltr2

i sir.1
iinrzsrir = Iirn -+ ietpose t.x-0 X :r-0 

;

i
=-(+if,X-+S e+i: oo

!,/r'e irave rim 
,,li. 

= Iir.n s!n. - *x+0 lr-ot"

then tlie functioritrlx): xs;n1 fs coniinu c:rs oiz J*m, *coI
Cther lncthod

".,-., -{.zsin!,x + a
r\.7.1 - 1 x

t o,x: o
\/eri{f if f(>:) is conrinuous at point xo=g
i) xo=0 eriori'If
')) f(:-u)= Iinlf(x) = iim;(;:)r-xo x-rd
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t -+ cn tliet linr
:-+@

silll

t
: 0 tllus Ii;i) is coritinuous. i.(::l-crl:;rf , -r{--1 =

]-m, -FooI

08. Gi..,en the fi.incrion f(x) : 5-

rnaf I.is
Ansx'er':
?hc angular cocfllcicnt of
IG)-tG) 1-7

4.- 1 4-7

-, tind ali c in tire interv aI11,4) such rhat f"(c) = tJfJJ t

the sccant vi,hicir passes []rrorish (I, r(I)) and (4, i(a));s

such tfia"t f'(c) :
=1=4=C2=+C=

the region boundcd by the graph_<
'ks

UV

As f uerif ies tit"e, canii-iiar"s of tlre thecti'ent cf LAGRANGE (AV E RAG E tl i.LU E
THtrO}1trTNf)
There is at Ieast'olte I'aluc on tire intcn,atr ]1,4 [

Sclving tire equation: {'(c): tr r,r'e har,,e f,(c) = 1
I'inalll'on the interr,al (I,4) rve tal<e c: 2
Find thc volur:rc of thc solid forr:lcd by r-cvolving
y:x2+1, 1-0, x:0 and x:l about the \-ax js. 4 lra:
Amswen:
By ttre disc rneihcd, tr+,o integi-als are the volume.

o fifz - y)dy\, : r{:Gz - oz)d3, + n 1l(t,
: toy)l + rfzy -+f,= nfr + 3,-

Cr agaln

L

IL

09 of

3fi
2

, = n{i t,dy - " I: (J7 - x)' o, : nfi dy - n tifr, - L)dy
: [oy)i - "[+ - f:= r(2-0) -n{(z-!-{)- 1) = ,o - I

Other rnethod
From the formula ,).

)i

ztr fi1# * x)rtxl, = zrt I!- X),dx V,e haue =+ I/ : Zn {o x]z(r+ xz)rix +v=
f ,-4 .-z't7

\r = zn [] n;J, = r* (i- ) : ," G):! uv
l0' Prove that the fi:nction f: IR -+ IR.: x - f(x): rz is neither an injection nor a surjeci.ion.

marks
Answ'er:
i) Conslder the elenrent 4 € H tize intage set.
Then tire equation
f(x) : 4, has tlvo soiutions \-: -Zr 2€fr. ti.re domain of'definiticn.
Therefore f is not inf ecti'",e
ii) Corisider the elernent -4 €E t!:e irnage set, tireref'ore tire equation f(x): _4 is not
the sctr*tio* x egt, the don:ain cf defi,li,iicn, f is not surjecti'e.
Giher nrethod
i) f(x) : >:2, f(x; !s surjecfive if aird onl y if y t:,y e Fi, f (x) = f (y) -+ x : TTlierefone f(x) = f(1) c+.x':1,' =+x = +y
Dornain is not injective
ii) f(x) is surjective if and onlv iX' V x,y € gi, suc/r tt-,ct f (x) = y
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Tlrer-etbre x2= ),* , : tJ, i.e v>0

l'lrus Im {: ffif + tr
Or ag*in

I?I4Fi f(x) = rz is not injective hecause it is even.
l l. Evaluare thc follori,ing lirnit: Iimr-- fif_r(i * *1. 4 mai I,,s

Ansll,er:
Let pose

Y:Il* nt' (r + 4)
then v : 11* I1t, (r . *) 7. 

r,rv = r, [flt, (t . #)] t. =i*rn (ilf=r (, * *)): lTI rL, rn (r * #) = rE, rLTfr

or,r(T): I =+i**',,(T)= r *ua 4: outheun -) co
\n-,

rhen In y = Itr Iimtn (. * *) : sPt :
I

ttJ

![, lim { tiniin
:.-@ n- z+@

=Etrlirn{ =gx-@ n-

= iY*#rt,o =
,1!r71y--(= y= e2

12. Evaluate the integral Il, 
"**;;(0<a<2.) 

4 narks
Anslver:

11- _ -J:- - 11 d, 
- ti d.*

r-7 x7-2xc.osa+l J-1 (:-cosc)2 -cosza+l - J-1G:;F;;;F;

(r*#)

ILl rim 
i+ 

rn

(r*4)
--T-'

n(n+t) 
- 

t
Znz 2

11-cosa dx

J -7-rorr(t)2+sin2c



TC

1 I t 11-cos<r I | .t-cosd 
L+cosal=;; Lat'ciali r,',*i- 7-cas(t 

= . lar-u:tou# * ttt-ctc'tz:,.* lx l . r:. r.1 1 |= +- lr:r'ctnn(tal i) + arc{ctt(cosI) I = --. -!arctan(ta.nl\ + orrtonfl _ gll
7 lo n a1 n

sina Lz Z z) zsina
Gtlter nt:ethod
rL dx
)-7 x2-Zxcosu-r7
+x2-Zxcass*1:0
A = 4 cos2s. - t- - -4(l - ccs?-a:) = -4.sin2c
V-A : ?.sins. witit L'-- {t

..-_ , r d.l ^-. (ox2+i;x+c)'
- ax-+bx+c V-A r/_6

flCxlZ?.x-Zcosol7
- J-7 xr-rxcosa+l=[trr.r* a'7'ci{in-;.r,.r* I . =

1 [_ , \-cosd l+cosal= -:- lai-ctart * arctan ^ ' -""* 
islTlaL sirra ------ sitrc I

i3. Shorv the polynomial T.1x; =

LrJ=: 7 
: =r-.=1-rojl -sirrt

Soh'ing v,,ith respect to t
2u(1-cost)-2u sin t+ ! :6
2u(X-cost-sin t) = -tr
1-cost-sint: - 1

.2u

;ltO" arccosx) (rn:l, 2, 3,.....),sarisfies the

+ mzTrn(x) = 0.3 niarlis

follog,ing
differential equation :

(1-x?)T;;(x) - xri,e)
AnsN'er:
T, t --\ nt sitttn arc(cosx)t rnlX) =r-_r --ffi
Tk@) =-'::g!{::::l * 

:rri si":( rri ai'ccosx) 
- ,,r aa / -..

pwttimsrhr"*;;,ry=,tiir*-ff*r;:r',::-:S:::"
We obtain: ql-x2;T',,1x1 -xfl1x; +#f_(x) = _rn,T_1x;+xT._(x)-xpi(x) +rnzT^(x):g -'rr\"/ ^rn'\

l4- a) Express 6: sittzt - z(7 - cost) internts of s*l(telR). z.s *^ri{r,
b) Solve the equation 2u(l-cost)+2usint+i : O,ueZ.3 rnarp:s
Atisl.,'er:

a) sinzt: (sint)2 = (zr*.! *ou:)' =  .si.rtz l rasz )
I-cost:aor'1., z! / "t :t\ - - -,___ z+ sttt-; - (cos. ;_ s{tt,;) = Z sinz 

1
U.:. u,tT',r - R(x - cosr) = 4si.ttz 

f, ,o-*, f,_ autn, i: nurn, i(rrszi _ ,) =
4stri- - 1-sin2 

!) = -+tt*n ib) 2u(tr-ccst) * 2u siri r +1 =g
2u[(tr-cost]-sintl : -X

2(cosc+sin t-1)

r'rrh/1r^r-
'"-':':''-'^" :-.. --:^---- -.,1.:--1. s{rcip dA/tr .cFt-tlNr>rpr/.g{,r+{t/-JI.
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Cuu(+5;1i1=1'31
15. Suppose tirat a:b (nrod rrr) ar.ici c=d (mod rl).

Pi'or,e that:
i) a+g =b+6 (rirod nr) 1.5 rnar-I;s
ii) ac = bd (rnod nr) 1.5 lnar-ks
Answer':
i) Fcr arr integcr g r al;d q; li,c ha1,e
a : b-l-rllql arrd c = d*rnQz
tlien a*c = il+-n;ql +C1-l.liq1

: l]+dr-ni(q r+q2)
: E:-| d*ln Q:: b+d(mod n:)

ii) a.c = (b+nrq1)(d+mq2)
: bd + rn(q1d+q2b+nrq,qr)
: bd*mq+ , Qi is an integcr
: trd(mod nr)

SECTION E: Attenrpt anv rhree questicirs. (45 marks)
16. a) At nooll, two boats P and Q are at points r',&ose position vectors are 4i+8j and 4i+3j

respectivel-v. Both boats are nroving with constant velcciry; the velocity oip is +i+j and
the velocitv of Q is 2i+5j, (all distances are irr kilon:erers and the tirne is measured in
hours). Find thc positicn vcctors of P, Q arrdFQ aft'er t hours and hence express the
ciistance PQ benYeen the boats in tenrs of t. Find the least distance betu,een the boats. ?.5
rnarks
b) The random vanable X has the follorvin distribution:

,)

4

6

t1l

^2/a -a
?,ata-l

a) the value ola. 3 rnarl.is
b) E(X) X niarii
c) V(X) 2 nrarks
d) SD(X) 1.5 mart:s
A.nslrer':
a) After { hor:rs, the dl'sprace:nent of F fronr i(s starti;.rg point is

t{4i + }} thus F =_{/ti + 3, + r(4i + J)
(4+4r) i + (s -,. r)i .

Similarlr.q = (4+2r) i + (Zi i- ilt
rlren Fc - a - ; 

y;e':1,!1; 
lr"i u,r, - r(q + 4t)i +(a + rl,l

P8-= -Zti+(-5+rrli_2
PQ = (-Zqz + (-5 * n,t)z = Z{}t2 -40r+ZS

Thedistancebcfi";eenivl'eboatsisgi'r,eillr1,@tnr
For the snlallest distance, Iet consider:
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_2
P Q- = 20t' -t$t + 2lt = 2{J$2-i5i+1)+5 = ?0(r-i )2 +5
As (t-l): caniiot be nr:grrive, its sr:raXlest value is zrl'r;, and it is obtained for t = i
tlrcn tiic ssnalle'st ye,lue cf ,*rt iu l;.

The possihle sl'rortcst distance Lret*,een t*'o boats i-c tlrcr; lEkrr.
i) tiie given distribution is the 5:rrobability distributiorr S ;f
tlSP(x:x)< i aud LP(x - z) = i thetzlP(x = x) * L

= *2 +(c2-a)+(az + a- i) : 1
^)Ja-1'G,-Z:U
(3a-2)ia+1):0 e , = -t.1

trlL\^)-LAtt *^)- 
g

iii) \r(x) = t(xz) - E,(x) = \xzl(x) : j. - El(t:) =T -(?)' = #
iv) SD(x) = Ji(x) : P = L.Z61B

./ ei - rrsvlu

17. a) Find the shortest distance betrveen the skcrv Iines
(x=5*27 ( *=2

Lr:ly- 3- 7 andi y = t, grnarks
(z=0 lz=9-tt ,1.

7:[1
b)rfA=[1

,4nst'er:
a) The shortest distence betr*,'eere tlre trtc pcints one oE each of (.ivo given straight

Iine is given bl,
tD;t _W.q _ l(b-a).(uxw)l
l' vl - llq - ilrrril
,4s ri = 27 + i is parallel to the firsi iine amti i = i -i to the secontl

l- - :- I

Ir J k i - ^-w =ux'D= lz _1 o I = i+?j+ztt
ic i -1i

c+ lruf :./72 i tz a 4z - 3
A = (5,3, 0) lies on the first trine'anC B(2, 8, 9) on the second.
I{crv lTEl : E-A: -3i - :7-+98'then

lEE.Wl--3-6-t-18:e
The asked distance;, E4 =3 - -cltvl

2 -21
1 1 | , evaluate Ai and lience find A-r. 7 marlis
-1, - 1i

?

; is tlie ane possible uc.lue becs.use a c&nftc{. be izega_tive

i!) E(x) =\xP(x - x) =

t:2P(x = x

F

["
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Ea

I'
,..
i. l /1 2 -z\/7 2- -2\ /1 +Z-+ 21.2+2 -2*Z*ri\i;) A'=tx f i J{l 1 1i:{l+1+z Z+t_L _znr_zl

\z -1 _z/\z _1 _z.i \z_r_+ 4_L+z _4_t+q)/-L 6 4\ll= l4 Z -3 1\-3 5 _1/
, /-1 6 o,\/i 2 _2\ /13 0 0\

rJ_lr.-t ,i,- z. -3 11L 1 j. )=l; ; ;)\-: s -rl \z -x -z/ \ o a tz//-4 6 4\Ar:i3l,itgivcsA*ll'=.1 e,+':1^,=!( f^ Z -Z)?
18. Firid ilic particular solution ro rhc follov,,ing diffcr.cp,,ri*'rr,,1r, *l'"n satisfies 15e

given initial values; y"-2y':y+!e'; y(0):0; y'(0) = I IS marhs
Ansri,er:
Tile cliaracte risfic cqualion is kz
Thus the generai solull'on of the

-2k:0 has trvo sriiutic,ns k: {} or k = 2
:- .. --- - -_litlnlogetlctruu cq uaticn is

]'h : Cr+clezr
As {(x): x*2e'our
(Ai-ts>:) +ce'

first clroice of 3,r,r could. lse:

Eut, as zero is the root cf the cliaraeteris(ic equation, we are going to rnultiplv thepcll.nonrial part b1, x, n,e have then
lrrt : Ax+Ex2+c e'

7'p, = A*2Bx+c ei

!"r' :28+c g'

Replace in the given equa,tion,u,,e obto.i.r-t
(2ts+c e'; -z1A+ZEy*c e,): x*2e,
(28-2,{) -4Bx-c e'= x*2e'
Ir,qtalizing the coefficients of the sarne term, we have :(ZB-ZA=A / a

l-+n:t oil=B=i
( -c=2 ( c=-2
Tiren 3,or = -I, - ir, - Ze,
And the generai solution is

y :cr*c:e2* - l" - lf - 2",
y(S): 0 +* c1*go-l=6

,r,'(>:)=r""i-)x-Ze2
('+y'(0)-t.*.2c7-!-2-,,

IJ
cz=T

cicz-2 -g 4, g, - x

Them the asked particular sotruticn is

!p, =i*T r,, -:*-1*, -ze,
a) Sketch'the graph of the polar equarion19.
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-a1 /.5 rn,!rFis
3 - 5sinB

b) Dctcrr:rinc thc convcrgcncc or divcrgcncc of

ii=r 7. J nlsr&is

,li" li 511'e Il
_24

rll ' - 3-ssirrB

In ctn'tasian caoT'tiiyt.*.tes v,e klt.ovv r =
'[ heti \4!e abtcrill 3,17 +T : 5J, * 32
Squaring tn'o sides, r','e obtain
91xz + j,2)= 15y2-2,-4?.fi'+fi?4
C r 9>;2-i 6r.2 +3Ttly -l &24 :fi
9x2-t 611,2-zoi,) -I oz4 =o
or 9x2-i6(y-10)2:-575
i 6(y,-1C)2-9x2=576
1 6(y-1 0;2-9x1:576

gr' (r'-10)2 - t - l lvhich is an16 6+
a2=36<+a:5
b2= 64 <+ b :8
Centre C(0, I0)
Ver{ex Sr(0, 16) and S2(0,4)

<"r sirr8 = Jx/+j't

hllperbola rvhose ccnjugate axis is OY

....... {0.10)

t

w

h) D'atrembert tlreorenr

+ corive?'ges

Diverges

Na canclustan

lim,,-* T.,
u -+ilirn " )1 -+

n*o U.

lirn un*1 
= 1- --+

n+m U,
tr _ (r)3
un - l"-
, r (n+ i)3
Un+1 = 3"-1
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l/,r+r _ (n+1)3. (n)3 - (:r+1)3 2: 
3 

= =g+
U r, 3r+ 1 3tr 3 n+ 1 (r,)' 3n'

iiiii 4 = lin: q+ = 1li,r, rr3+3n2-+3rr+1 : ] tirr= 's(r*'ln*+i)- I

rr-o u,, ^*[ 
3n3 3 n-- ,f 3 ;I; "3 3

.. u.+1 1

l,il r; = r' t co!!l'c'ges

!-s 2 -21
20 Lcr o:l ,^ 1 -.r 

lt-z -2 Jr
a) Verify rhat det(,tr/3 - l), the characteristic poll''nornial of A, is given by (2--l)'(1-9)' a

nra rlis
b) Find a non-singular matrix P such that

P-rAP: diag(3, 3, 9). 11 marks

,4 nsyr'er:
r.) DET(,7.f -,4)in-s -z z i,pi))=l-z A-s z 

I

I z 2 A-sl _sl
=+(.1- illi-;' 

-^'-ul*rl-i 
o1=l *rl; ^;.1

e (,1 - s)((r-- 5)2 - 4) + z(z + 27 + S) + Z(-2A + 6)

<+ (i. - s)(1 - s - z)( - s + 2) + 4(-zA+ 6)

€' (r. - 5)(,1- 7)Q, - 3) - 8(,l' - 3)

o ie - 3i(1 - ilfe - 7) - Bl c+(tr - 3)(' - L21+ 35)<+ ('e'- 3Xn- 3)(1 -
e)
So det (7t - A) + (7- rz? - 9)
The eigen values of the nlatrix 'A are: 

,l1 - 1 -? ? -c\At=Az: j't'3- t ?i'

b) Tire *it.io p is given by the juxtaposition of eigenvectors assdciated to the

dlfferent eigenvalues. To find eigenvectol's associated to eigenvaiuesr'rve solve

nor','the equatiom:
(AI - A)X = B where X is tlze calumnvecta?'

Then txre trvo eigenvectors associated tc the eigenvalue I = 3 are:
/i.\ /0\

'': (?/ '' = (t/
i =.9

fi ':' =?,)(;) 
:(fi) =(;; :: :)$=ffi)

7x-2y+22: 0 <+'-x-Y+z = 0 (+ z: x+Y

n-etposex:rrY: s r and s €E

rv'r'uo*"=(;) = (,i,):Li,) = (:) -(:) ='(?)-''(?)

E
I ,l

l'

I

i
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E
F

P
I

11IT

/q-9, *'t 7 \ zXr /0\ / 4

{'-r" e-s ; \(r,):{i\={-,
\ z z s-sl \z/ \o/ \.2
r 4;:-Zt,*22=0I --- -r -: (6r,-l- 6z : O' (-y :l-Zx ),- 4.'t * 7.2: = 0 e+ I "-/ "- " e I'i r t6x+62=8 (x=
{.Zx+Z},*42-A
Lcti;osct=z ie $i

1):\ /-t\ /-1\
r'={y}-- {-ti=r{-il\-=l \r/ \l/

/ -\
1/,=l-r i

\.r I\I/

Thus tlre asiied lnatrix P is :

/7 C -1\-t^--l,.:lu I _rl
\1 i L/

P is not singular because det P :3

*2
.i.

2.

-z
*Z

ADVBNCED LE\./EL I'{ATE{EII{ATICS F{ATIOI-{.4}- EXAh{In\IATION FAFER.2SIl
(h{CI}, hdCE, Rf EG,II{PC,I14FG, PCh6, PEI\4)

SECTICI{ A: .4ttcmpt a!l questions. (55 rmzr-l;s)

01. What values (rcal numbers) of x satisfying the following conciition:
a) 4(x+5) - 6(2x+3) = 3(x+14) - 2(5-x) + 9 2.5 marks
b) l6 - 3xl ) 14 where lal stands for absolute value of a defined

as rar : {:,,1;,==% , rnarks

A.ns*'er:
a) 4(>:+5)-6(2x+3) : 3(>:+i4)-2(5-x)+9

e 4x+2tt-72x-18 = 3x+42-18+2x+9
* -8xa-2 = 5x+41

e'-13x =39
- 

--_ as-, I - -_l

c: I_?iU T J)

b) 16-3xl >14 <+6-3x )
<) -3>t )Bor-3x<-20
s = j-".,, -il , ]?,*."I

02. If (u. v, tr') is a basis of the real vector space gt3 detennine rvhether or not (u*v, u*2w, u-
11,) is also a basis of Es. 3 mariis.
Ans'iver:
Let a, b and c bc an3, three real nurnber such that a(ri+vi + b(u+2tv) *c(u-w): g

ts/e have:
(a+b+c) u +av + {Zb-c) r.".,= G

i,)(:)= (x)

.,.7
7ti'

or'6-3x<-14
B7A(+x<-1ot'lt>-



(a+l:+c=0
Since (u, r', u') is a llasis of 8?3, J c = 0

I zb-c=*
Thc s1'stern ltas a : (rt, b = 0, c = G as solution.
Therefcre (u*l', u*2n,, u-w) is also a basis of fi3.

03. Lcr.l l}i - 9i:./(x) :=
lx-rl

a) I:ind lintr*1 , f G) and lintr-14 f (t:) 3.5 marks
tr) Discuss tl:e linrit of .[(x) as x approaches 1. 0.5 nrark
c) Skctclr the graph of f(x).1 marl,:
rlirsn'e r:

i.fx>1-

if x <L
nedif x = L

( ,'-,
1 - I :r-I

a) /(x):ffi=i xZ-L
| -r+1
lundefi

[-et x# ]-

f(x):#:
if x >L

if x <1E
Tirercfa:'e: i) iinr/(z) : iinl(r * 7) :2

.ir+ l> r+ I >

ii) lim_/(r) - Iitn_ - (x + 7) = -zxrl< r{l<
Since lirn_/(x) + lirn_f (x),lim/(x) does not exist.

X+l> XrL< f-]
The graph of f(x) is cornposed ol'union of tn'o line.

b)

c)

: -(x+1)
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, 0; Exprcss./[r/ ==" ,..'r' ,l': " in parrial fi'actions. l'hen fintl anricjc,rivatir,ie of f(x).4.5xt-x-6
n la riis
1..i:srt t:t':

I)',' tong di'iisicnJ?.r) :=x3-:;+:-rs : Sr*z#
'ix-7 'lx-L A E A(x-rZ)+B(:rr-3)

,:'7- x - G= G-L)G'+ 2) = r- 3 
-- 

r. +2.= m
_ tu: + 7.A + Ex - 3E _ (A 1- ts)x + ZA____3S

(z - 3)(;i.--i- 2) (:: - 3)(x t- 2

-7':L = 
(o:'):-:'!*g * 7x-| :(A+ts)x+?A-31)

;7-l-G (x-3)(.r+2)
* h+tr1 =7

2A-38= -7

€th=4andts:3
ix-7:n-3

(x-3)(x+2) x-3 ' xl-Z

In parriat fracrion f*l:*#E - ?x + z + 4 + J=
Antiderivative of f(x)

I ye)ax : ! (e* + z 1- ]= +:=) a, :
f(3::+ z)dx +J (*) d"x + { (*) r. = 3 I xdx * ? [ dx + + I *+ 3 I *

j f(x)rix - : 3+ * Zx * 4inlx- 3l+ 3trnlx * Zl + C
2

0-5. Find the nuntber of ways that 6 teachers can be assigned to 4 sections of mathematics
course if no teacher is assigned to more than one section. 2.5 rnarks
Ansrver:
Tl'ie total nunrber in sinrple way is : 6x5x4x3 :360 .']
or 

-"'"r'- 
7':

p =#; = YY#g = 6x1x4x3= 360
(v rr.

06. In Euclidian space, find an equation for the plane consisting of allpoints that are
equiciistant from the prcints (-4,2,1) and (2, -4,3). 3 nrarks
Ansrver:

lx -4 2l
al- ncr=ll, 2 ^t -

iz i 3l
The equatlon is 9x+15y--172:0 <+ 3x*55,-4r:0

07. Irind any as),mptotes of the function f if f(ili*-1, rnrnrks

AI'rsrver:
Asyullptotee:
tv A .t!ra.
i. x-l @, 

-IIITII-ru6, -;- = - l, f
x'- L @

x-7 ,fr-l) Iiirit -:: lim #_ = iim :. = a1+ia xt -7 x-1m :2 (1-i) x-r!m x

Ftr.A=v=0



l4

a/ ^.
t/*t:)-l _ )-1 _ 1

J \'\'/ xz-1 (x-1)(.r'+i) x+l
.. 1ItnI _ = co
x+-1 r+1
'rl lt,: v:-f

l{o O.A
08. Find a second dcgrce polynornial P(x) such tirat P(2) = 5, P'(2)= 3 and P"(2) =2 u'here P'

and P"(2):2 u'hcre P' and P" are first and second derivatives of P respi:ctively. 4

nr a t'ks
A n sr+'e r:
Second riegree polr'ncnrial P(x) = 2xl+i1v+'e

I!(2) : at2)2+21)+c: 2 e' 4a*7.1>*c = 2
P(x)': 2ax1- [: <+ P(2)' :2.a.2 + b, : 4a1-l, : 3

I'(r)" : ze: Z

^-t

4;r;i: : 3<+ 4xi+b :3 <+ b : -tr

4a+Zb+c - 2* ?,x1+2(-1) * c : 2€, 2-2+c:2 * c: 2
So a : 1, b: -1 and c:2
So the pol.vnomia! is >:2-x*?

09. a) Evaluate the derivalive of .ftx) = ln(x-t+7x2) rvhere In stands for natural logaritlrm
function; L5 marks

b) arrd cvalualc tlrc intcgral f 4-ar,1.5 :ne;'irs" J x1+7
Ansrver:

a) .f(x), : rn(x3+7x\' : #= l#5: ffi
--3b) J]-dx 

..1

Let t.: ):4 + 7 e d-t : 4x3 d.xe x3 dx : * 7i
4

i I i : lu'lt1 i c :lml'n+ 7l + c
I0. Horv many distinct pennutations can be nrade from the letters of the word ,,infiniry"? 2

nrarks
Lnslter:

8t
F =-1.: [ir7x6x5x4x3x2xI9l:l .r.:r;<.i.,.,t *ls,\x4ri,x,t AL. -

-1. i' r- '
: 4t324 - ',

l. Find the doinain arid the derivativJof the nurnerical function -f .if f(r):--r- 4

n:arks 
1-ln(z-1)

A.nsryer:
Dornain 1-trn(z- X) + 0 !rr(x-I)+ tr €i x-l ;t e a x + e+X
and x-tr> 0<+ x > 1

[1-,n(:- t)](:-1)+: :r- 1- (x- 1)In(.r- 1)+r
[1-tn(r - 1)]2 [r -tn1r-r)]z

(:r- 1) ln(x--r)+ 2:- 1

[1.-in(x-1)]2
12. The probability that a patient reccvers from a delicate heafl operation is 0.8. What is the

;
I -!I .t*

l'



aa

probal-:iliry rhat
a) E;<acllv 2 of thc ncxt 3 paticnts ri,ho have this opcration surviye? 1.5 nrarksb) All <li'rhe nexr 3 patients u,ho have tlris opelztion survive? x.s niarks
,/, ltsw tli-:
[-rt S "the patient rece]\/crs:,; p(S) : S.S

a) p(2 o{'rhe nexr 3 parienrs recover) : (i) fa s)r(0 4 : *(0.s)2(0,z.; :
3(0. t)2(o. z) = a.3e4

i,) p(3 pa{ienrs r-r-,cover): (])(0.S), = (E.E)3 = A.Si.z

13. Fin<i lhc,alue of rhc corrplcx nurrrbcr Z:[-1*,€l'o'o ,

standard {onnZ: a + bi. 4 niarrts 
- - L-;- ';) ' Lcave your answer in

Ai:stl'er:
."_/ 7 ,,16\2"0 I /zr\ "., lzaiaz = (- ;* i;) 

--' 
= fcos (f) -l iri,,1f1]'o'o = ,o, (zoroT) . rsin(z.sru{}

_ 
cos(570 >: Zn) + isin (670 x Za)

14. Skctch the planc region bounded by y = )r and 1, 
: *r_i"Then estimate the volumegenerated by tliis region u,hen revolved about * : _S. 5. S rnar-ks

Ansrver:

.t
/ /'..
1"

i(y
V

1/-

>;2 - 6o
-. rJ -zii J_2lx +

zn ['^(n=--/'
B75n

x= x'-5 + x2-x-6 =0 =+ (x+?X);-3) = 0 =+ x = _2 orx =3
3)(r - xz + 6)d.x'(appz-oxizrta,te v*alue oi tlte uotume)

- 2x2 + 9z J- l.e)dx = znl-+ -E- +4 + rsrl' = znuTsL 4 3 ' .L )_Z t2

-F ^^r'^ z av cr-[rf']of.
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I5' The nltlriber's ol"iltcon-ect anstvers on a rruc-lalse. corlpeie'lc.y tesr for a rancrorl sanri:re ofl5 srudcnrs u,crc rccordcd a.s follo*,s: 2, 1.3, 0, i, 3, ;,;,;;i,5, ?, I.4 and 2.l:ind rhc
.iilli'Jll. 

tnedian, rhe nrode and rlre rr,,,,,i.r,ori;;; ;;;;;;r. 4 nrarks
tr UCNCICS:

Irrec{rrencr.ni

rI
2 3 4

Li2 3 3 .l I 1
I 1

Cu rri u ia t ive {j-cri u crrcv
2 J (' TZ ia

l.., tl!q 1{

TI:e nr<ide fs 3.
The nrcdian 2.

\' -.I lle IIlCen y: 2!J3
15

2x0*3x1+3x2+4..r3+ h.4+ 1r5+ 116

TIre standard devia(ion is o =/-:'VL{. 4 - S.'t 6 = JT 64 = 3..6

LA:

SECTXON E: At(enrpt anv three quesiions. (45 nrarks)

16.Letf : fr -fr:fx)=l*_ 2l_l +l
a) Deren:rine lhe donrain of (x;. Z.,rlruuisb) \yriref(x) 

lvilhout r;gn, oiriroiute vatue. 2 manksc) Srudy the derivabif j" ,f 1g"ui^ = -2.  rnarksd) Evaruate the limir ,i11rl-(-.l1irrr,.n , upprou.t 
", 

_* ung the limit off(x)_(x-3)
:*1 : ;ry; X.ffi:X.t ;x;: :*"?: 

;iJ;,,,ilil;., 
t i n e s yix. 3a n d 5 -x * r,

e) Evatuatc {l ,rU)a*. < *nrl.,
Answ'er:

f(x)=lx-Zl -r+1
e) Doiri f = {x e IRi xz * nl

= j-*, oi'u lr, #f
(^,_,

b) For x € Dcni f, f(o) =l^
(.-, *

c) ForxlZ,f,(x)=1**
Thr:sI"(2+)=t-1=i

44
Forx<2,f(x)=-I_4

.1*jrJ x>2
i .-rt-;if <Z

Thus f'(2-) = -J -r- 1 
- 3

\/rl
4t

limce 
r(Z+) + f,(2-),f,(ziAoes not existf is not differentable at x = 2

IE

I

I
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I

t

I

i

t7

ri) -lirrr_[f(x)-(-:.;ri)i : iiu; l[-*:+t+]+ 4+r-rll =C. ,'--@ ;-_e-li x xt .-JJ
Iinr lf{x)-ix-3)l : }in* ii"- : +1+1-:* gli =cr--rc''" :.--a,[i , ,? ^'"J]

Conclusiot;: trines !' = -). * L anri l, :
x - 3 are as'!,Iililtotes tc? tire graph of the function f.
-? .2/ 1\ .3/ 1\c) l, {U:)dx = Ir(.-r+ r +,) ax+ {i("-: +,)ax

-7- . ?_l ,",^, tl't ^-r,-. il' l_ L-T -1_i__;j, 
l___1_r); 

_;Jr=_3

17. ir) Solvc rhc cquaiicn ,,',Cn.-,= j ,,-.Cn_, 
t", (ll - :) = 3 (. - l)l ,, rl.]c scr of posiiive

inicgers. 6.5 nral i;.s 
\n - 5/ \tt - 7 )

b) Corrsidcr rite quadratic polyironiial z2-62+.cl,,,here c is real. Forvrhat values of c cloes
this polynomial have real roots? 2.5 rnarks
c) Ivf ultiply out tlrc 

!)pJ".t:i:,i Qt"7)(22-62+25) and ircrrce finti all roois (real or conrptex)
of the polyrotial z3+22-l7z+175. 6 m:*-ks
,4ns'rl'er:

/n-1t ^/?t-!\2) (_ _ ;J = g(^- l) condirion:n-7>0i.en>7
irc J. \lL- //

(n-i)l _ (n-3)r
(n-s)t[(n-1)-(n-s)]r -' GlrG.)-1,,-7A

__-(I-r): _a (n-3)t
(n-s)t(+)! " e*7)t@)!

_ (rr- 1)(rr-Z) ^
(n-s)(n-6)

<+ (n-l)(n-2)= 3(n-5)(n-6)
<+ n'-ISn+44 : o
++ (n-4)(n-lI):0
<+ tl- 4-or n: ln
n:4 is exciuried since less than ?.
The required integer is n = ll.

b) The quadratic potr5,r:onrial z, _ 6z+" lias neal
ThariscSg

roots if and only if (-3)2-c >0;

c) (z+7) (22 -62:2 5) : zt - 6z' t-1,52+^t z1 -422 t- L7 S : z3 +2, -X-t z+ i7 s
Il eBCe z' +z' -i'l.r+7 7 S =(.
e (z+7)(z2-62+25):0 *+ z+7 :fi or z1-62+23: tl
z+7-Aa+z=-7
zr_62+25:&.€) z:3+4i or z=3_4i
The roots of the pol3,ncrnial ayez: _-i ,z=3+4i arrd z:3_4iIB' a) In Euclidiari space, find 

'ector, 
parametric and symmetric equations fori) the line tlirough origin ancj the point (l ,2,3) 4;;"t;

ii) The line through 10,2, -l) and parallel to the line rr,,irh
{x=i*2t

equationsJ 1l =Sr
[= - 

( 1+\z _ J - I L

l/i

parametric

b)Find ali
form and

cube roots of tiie complex number W : _l+i. Leave your answer in polar
trigonometric form. 7 mari;s
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A 11::11.Ci.:

a) I-ct O(0, 0, 0) and I)(i,2, 3)

i) I-ire line through 6rigin o and the point I>(1,2,3) has'r'eclor t'quation afr =
2DF n'lrere il{(x,3', z) is an1'Foint on.,the !ine-

l*-n. Tire tlararr,ctric equatiorts are \y = ZA
\,? =,te

'l-[tc svn'rtrretric equaii<ln is x =i =;
ii)'i'he trine {!i,r'ougir (0,2, i) and paralle} to lire Xine

(x=1*Zt
I v = 3t
tz=5-7t ( x:zt
lras ;raratnetric equa(ionrt 'l 1, = Z * 3t' l;=*7-7t
S1'rirntetric equatlott: ; ='+ : :
"-cctor 

equaticn At:,V :,i,i7 ryhcre A (0,2,-l) and il(Z,?, -7,\-
b) -,i'= -1+i

l\iocluXus of \\/= .,lT + i.= lZ
l\

COS: -'=lV2[* o-3'
l (-u--

sina :6 
1

w =,lZxlCou(T) +, sin(T)l

Cube roots at'e of the f arnt w'1: 1.,Elixlcos(f + fl +
. Fork=$,L,Z
Ttrreref,ore, W" ='/Z[Cos1i) + t s;n(f)]

wr='J7[co'tHl + i srn(#)]
And V/2 :'JllCas1ff) + ; sln(ff;l

19. a) Con:pute the sixth degree Taylor poll,nomial generated by f(x) : lnx about x : 1.

Using this result, evaluate ]inrr-r Y-. 5n'larks

b) Find all values of x that satisfy
i ) The inequality 2cos(x)+l> Oin the interval l0,2nJ;2.5 mari<s

ii) the inequality logr111= I 3.5 marp:s

c) If 3 books are picked at random from a shell containing 5 novels, 3books of poems,
and one dictionary, rvhat is the probability that
i) tlre dictionary is selected? 1.5 rnarks
ii) 2 novels and i book of poems are selected? 1.5 nrarl:s

Ans'1"'er:
a) l'(x) = 1n" = f(I): C

f(x)=! af'(t)=1

-rt Zkn- -rsrlr(;+ - Jl.|'
7ri
/"
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f'"(:r): -{ = f"(1) -- -1
iilr;: ,1 - f'(r) = z

d1.';;:-f = fo(i)= -Zx3
f51r;=ff- is(t)=z::3x4
y',r,.r_ 2;3r4r5-* r+I (I) : - J, = l"(l)= 2x3,1:4t5

T'he pol3'nonr!ai i.

t(:r): f'(i) +{'(i) (:i-i )i i"(t)!j * f "'(n)=f +,r.(+)(i) 
(';,*

/(t)G)S* * {@(t)t'u,"'-'n.r.r'cre f'(x) = 1x-i)- t{. +(x- 1)s _ (.r- i)6
56

lim,..., ,,,' - Iin., f, _ (x-tl r (x-l)z _ (x-1)s 
,- (x-:)a _ (r-1)sl

^-^x-1 rill-- z = 3 --l:---l=r
i) 2cos (x) + n > 0 <+ cos (x)Z - j

+

. (z-x)a
4

b)

/7r

J

4ir-;- I
7!

<+G<rS?or!.x <Zn

t : 
[0,1r. )u'f{,2*]

-2ii) Iag2 # = 1 e tosz# = tagy,vther" f] > o
x2 _l

e+1--:: =z e x2 -1=z(x+ 1) c+ x2 -zx- 3 - 0 <+ (x+ L)(x-3): g
€N=-iorx:j
x:I is excluded since the zero of x +I
e:r"1u tJJ 

/s\/3\
c) i) p(setecting rlie cictionary) = \rr{F/ 

= +3 - 3:2"t13 - 13

(;) sr ex8x7 sr,

iels and tr bootr) = 
(;)Ii) 

= $xl y3t6t - 5x4x3xzx3 s

2o a) Let *be , r;;;;; r.!(ji, ;il: J 
^, 

*; ;-1,:,. r ,' Detennine vrhether the operation is commutative, and whethei ttrete is an iaentity
eleniert' can you find a swrmetric (inverse) of any integer? g marksb

st xe!,',!xe** 
!:.:y::facititator in science subiects, K,4GARAMA sECoNnAitv.qrtr/,1,t
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b) sketch and eslirnate rhe area of the region bcurrded by rhc cui,es y =x and y: xr-2.
? rne rks
An:;llcr:
:r) 1+'1, - 5*_1,*3

'I-trre olteraf ion is contnrutative since x*r, : r+\,+ty
: r,*>;{-3{*coinn:utative in Z)
= ]'*.'"

Assurr;c that tiierc cxisits an identi&'. Dcncf e bt, a. 
,So r:*a : x*a*3: y r

This cqualifv occurs if'a : -3.
Sa the identitl,is -3
[-at b be a svrnnre(nic of,x. That nrcans x*b = _3

Th!s occurs if x+b+3=3. that is b= -6-x
So the sl,ninretric of r: is -6-x

i,)

l:2-N-2=0=r (x+L)(x-Z)=0

.2-
J_rlx - (.x' - Z)ldx =
1-,279
-+Z= :Lr3 6 z "'

Ilrl*-xz+z)dx

Atri\/trFlcED LE\/EL I\{ATI-IEn4ATICS }-TATI0NAL Ex,qh{I},{ATIoN PAI}ER z0r2
{MCE, MCE, MEC, MPC, R{PG, PCI\4, PEn4)

.,1

7:

_?-* *L_A+

the integrzrtr
o4
'-t-l--'-
32
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SL{lTiOi'l A: Afru;ng:t all qursticris. (5I marks)
0l . Shorv tiriit C(n- 1 . p- l) + C(n- l, i:) = C(n,p) 4 niarks

/i nslrcr:

C(n-1. p-i )+ C(n-i, pl =
(1;- 1)!(n- l -(p- 1)l

(n-1)l

:-------f--.r---L- = !, l) 
-a-"tx-"-l' :P7.f(rr-;,1t ' 1,1!.1:D' - ,, ^ ytQi-7t)! ' rr ^;;!(;,-p)! - nn

l' ' ,t-l
:t l /7r n-;r\ ;r l

rtJJ.i-_a.a-

7:i(n-p)l \.rr' n )- pi(n-p)tn'-
lr!

C(n,p)a.s requireCL.
1,'l(;i-p)i

0?. irirrd the total nurrber of cliagorrals that can be cir.ar',,r'l in a tiecason. 3 rnarks
it ns,,r'er': I

ii:,rcir eliagoliai has lr-,,c erid !lG;nts.
Sup:;;osc one has erld Eoirrts A arid B, ti:e segllert Ali *nd segnlent BA are the salne.
l'lir:r:. ordel'is nct con"cidcred ai-iC tile colllbination of 10 points, taken frt'o at ft finie,
is dcsirerl.
1'lris gi'*'es (lre totai r-iulnbcr oi'iine segrlienfs. Il.ut ]0 oi'lhcm:lre sides o{'the poli,gon.
So the nunrber cf diagonals is equal to

C(10, 2):*#- -r0 : #-, o :Y# = sxs- 10 = 35

03. Dciernrirre llre conlinuirv of 1^1 : !''19"-"
' (x-r;6+i;' Jnral'Hs

A msr..,er:

We knorv tlrat : y = lnx if and onI.i' if x>{}
y = tarr-rx exists li'and on11, ii'x €Ii

Thereforc
i':lnx + tan-rx f Vx € (0, +oo;
{x-l)(x+I) must be dlfferent ta zera
:+ x+ 1 ot'x * -'L
Then, the cont!nuitv becon:es
x€(0, i) u (1, +oo)

04. Find the value of x if ./3tanx :2 sinx 3 naarks
.A.ns'rver:

rEtrnx = 2 sinx a3 .'[s'If-2 sinx = 0

<=; sinx : 0 c,r ccs tE,,=T=+I:haOr>;
05. The matrix Ivi(x) is dcfine by

h,1(():Icosc( si?rc(l
t-stn c< co-s o(J

Verify thar Ir4(x)tr{(f ) : Iia(x +il. z
Ansxer:

I casfi sin{jl
l-sinp cosp)

casc sir,,q * sins cosF 
1

-sins. sinfi + cosa casB)

= hf(cr + p) as required

/,._1\t
r- ---fll-l/t

p!(n-1-p)l

e*sin(€ -Z)=o'ccsr

= ttn- zlot,lle z

maliis

,7

Tti(a)xag) = i'olo sinal
r-.gtrr{z casaJ

_ | cosa. cosfi - sitio sittfi
- l-sina cas{i - cas a sin$
_ [ ccs(r + g) sin(a + p)l

[-srn(a + B) cos(a + fi]
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0(:. ,/.t, persor:, standing on the [:ank of a river obserues that the angle subtended b1, a tree or]
titc oppositc bank i.s (;00; rihcrr hc rclrcats 40 nlctcrs fi'ont thc bar!:, he llrids tlic ari!ic ro
be 300. Find the breaclrh ol'rlie rii,er and the lrei-sht of the tree. 5 marlis
ll nst'cr:
[-et: AIt: h riretres I;e the height of the trae

Cts : x nietrcs be tXre brcrdf !i oi the river
So tlir( < BC,A :60{}

h lnetres

f)

c<-rnsider D as the second pcsition cf the perscn. Thererbre <8D,4 = 300
<ABC = <ABD:900

^ABTlrercf,crc: !: tan60o
BC

i.e.I - ta"rri}o
h-c+l= Vg=+tr:V3x(t)

#'='on'oo
**=**hr,/3= 1a+x(z)
Putting (1) into (2), v,,e ger
,h.J1x : 4A * x <=i 3x=40+x ++ 2x =40 <+ x =20
Then h = 2AJ3 ntetres = 24..6 metres
IJencethe height of,tree is 34.6 metres and breath of riveris equal to 20 n:etres.

07. if Tp, To and T, are p'h, q'h and rth terms of an arithn:etic progression, then find tl:e value
lTo Tq T,l

oflp q 7' | 3nrart;s
Ir 1 1l

Ans*'er:
E-et'a'be the lirst term and ,d, the conrmcn di{'ference.
Thercfore To:a+(p-1)d

To: a+(q-1)d
T',=a*(n-1)d

la+(p-i)d a-f
Therefore A: I I7lr
Applying Cz -Cz-Cr, C3 * Cr-Cr

t
7t

(q-r)d a+(r-i)dli ; I

ll
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Let (x-2)2+1],+ I )2+(z-3)2:R2
Sincc f is a,point o!'(he splrcre, r.,,c rnus( have:
0-4t+Q+t;2+1-S-3)2 = Il2 ++ R2 = 46
Therefore: _(x-2)2+(1,+l ))+12-312 = 46
O r r'+\''+zt -4x+2t, -62-32 =0
I-et il(a, B,y,)be avectoT- d.irection of the l{.ne.We ,",,st geti_ I MT,i.e:u IllT:0
'flrus -a + 3p - 6y = O

This equation lias nlarl)/ sclultions
l.ct B:i*r,
The sYstem ol'paran:etric equations has the f,ornr{ x - X. = at

lr,-r=(i+zv)tl. z +3:yt
TIie s5'stcm rcprese-nted fanrilv lines included in the ptane tangent to tI:e s;:rrere.l2' A tank is the form of an inverte,l 

"rr. having height g *"t.r, and radius 2 meters. water
is florving into the tank at the rate of ! nf lminute. Hor.v fast is the water level risingq,hen the water is 2.5 meters deep? 4smarks
.4.nsr,,,er:

Lct h : height and r = base radius of .r'ater at tinre t.

12n;:re.=;
Therefore tr/ : volurne of rvater at time t.
<+V=*'o=!1!126=nh'

3 3\4/ 48

,l

7t



.- tl tt,ltcreI(ir(t --tlt
\4/herr !! :1

dt8
1

-rYc 0btain:I
.. dh

5 ttcrel0t.e 
-dt

Thcn, tlle \',.alcr

13. Calcularc:
. . sinra) l- rlx" I +s,71)

r2 Sy -i-+ 1b) l^ -;- dx-,) ).. +4
,4 nswer:

marks

AC

_ n .,..y';--dh n ,tdh
- -xJ!Z-X - 

: 
-- Jt. 

-18 dt i6 dt
aitd lL: 2.5

r ,^ --t dh
= -' t l.5 i'-

16' ' dt

-L
levcl !s rising ar rhe rafc ot* mfmittute

'ei J t-"_rto: l-=--r dx= l'(1_;fu)r, = [ d.z._ I_idx =x_r,i _ r 1 ,. '";:]'', 
-.r'_.:,,r,: ,r_sirr: -r7*sittx', -J;;,r.r.'".= J(*;rl_,#)a.:,_ .f ;# dx= I (#A _ #*)0,= {iseczx -;*;rHla.o = = I ,urr*a, l-{ secx t)nx ax = tantx _

tD.a, L f'.,e!^ I L

l:x--tanx*secxic
L)) f:+I d.t: 12 

r.d, , 12 d* s 7z2xdx rz dx r<-' 
,'o 

*:r,ir^ - ro iii -r J0 ;2+4 = tJo ii + /0"* : []t"lx, + 4l +
; tan-, i I- : .1t\

f $j:: Ii:::':) ;f ?-:i1.,-,0;-: (i,,, *;.;)_(|m++|xo)
= j{tra -ht)+:=;1"9+ I=tr trz+:B 2-'-4' 8 2I4. a) In a single rhrou, of tivo a,:"", i.t"l*;ine the probabiliility of getting a togal of 2 or 4. 2

b)'fhe letters of the word .'DIVORCtr,,are 
arranged at random.that the yorvels nlay occupy the even pfur.r. Z nrarks

Answer:
a) Tx'o dice can be throrvm in 6x6 rvays

I{ere s = [(x, i), (1, z), (t,r): (,r, 
1\ G,s), (1, 6), (2,1), .,. .. (6, s), (6, 6)]tr_et.4 be event of getting a totat af 2 ar 4.

Tl"rerefcrr-e A : {(1, j.), (t-,3), (Z,Z), (3, 1))l
Requireci prcbabilig, i:eccnres
1@_1=1
n(s) 36 9

b) The word "DIVORCE" has 7 tretters. They'can be arranged arnong thenrservesin (7!) n'ays.In t!:is r.,,ord ,,DI-VORCE,, there iuJ ,,orr.tn and 4 consonarrts.ll hese 3 vcrvels have to be preced in three .rr"n prlo", : znd,4,hand d,h; and theycan GCCupy.these 3 praces in (3!) n,ays and 4 conso,ants can cccupy therernainirrg 4 places in (al) weys..
Tlius the nun:ber of rva},s farrorabie to the event is 3l x4!
Then, required protiabitrity becomes 

33 
= l=:g4t : 1 _ 1

15. Find rhesum of r+1*;in j+ , **";; 
7x6xsx4! -'7xs - 3s

By KAYIR'z'N-G;a serge,facititator itt scietice subjeus, KAGARAMA sECuND,AR\ scftooL

P;na/irprobability
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. 
/{rllS\,,.Ci.:

S= It-1+1+1+ ...2! 4t 6!

\\'e k*,;*' thar I+I- + t +{ *t * .....='e'
|2t3!4l

[)uilirrg ]: t1,
\\,r: se(: r+l+i+l+1+ ! +1+ ... - e (i)e112t3t4!SI6!

I 1 i 1 1 1 -r --./rnd: l- r+ "-t+ n- st+A+ "' = e (j)

(l) +(2)siYerrs: 2(tt L*i*;J . )=e+e-r,'i-hr:n i*in;10** ...=tT-l

SIiCTiOii Ii: rtttciiip{ ONLY T]i]tEE qucsiiorrs (45 mrarks)
l(r. Considcr a rcal valued nunterical function defincd as f: IR -* IF

x -1. x2 e'+7 .

r) Find lhc Contain of ftrnction f(x) I n:ark
Lr) Find the intersection with axis of'coordinates. 2 rnarks
c) Find thc aslrnptotes 5 rnarks
d) Discuss the first and second derivative of f(x) 3 nrarks
e) Sketch the graph of f(x) 2 rnanks

-Ansrvcr':
1re) t(r) : ; o2 or+1

Dcrir f - I]?
b) Ilrtcrsecticn n'ith axis of coordinates:

\l/lren x = 0, y --)x02 xeo+7: 0

Vx e IR/ )xze**r ) A exceptwhen.x = 0 + f(x) = g

The intersectianwith axis af coordirrates i'tt the point (0,0).
c) ./'* s3"niPtctes 7l

i) I{orizon tal as},rnptotes;

Iitrna-1of(x) = nn# = .toc

i;,., .(:) .-. Iini f . 
"x*1 - 

txr. 0 .I. .Fttttlx_,_@ j. . 
X+_aZ

:!. ,2

i(>:) =- ,<h; -* _ljl%;-rh" 
: 3 ,r.^R

Using Ilospital's rule, we obtain;

lirn [(x\ = tir, 
(1',"]. 

= [i r -E '
:6-f*r .--, :,-@(e-(x+r.r) rlll(-;-G-t : :; i.r'
Agairiiim f (x) = Jl11C;i,",5= .IllX r"_#,; - 0

Then.hrorizontal asymptote = y = 0
ii) Vertical as.;mptote cannot exist because dom (x) = 1p.
iii) Ohlique asyrnptote

* =,,IITL'*: ,,jf:i Nexl7 -- foc
0n the other hantl

E
l,i

1

l
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a = Iirn IG) - linr 1 xe'+7 = a
x4-@ r y--a?

Then, obliquc as)'mptote does not exist.

d) l'(x) =!.Lxe'ni *_;.' e'*7.i = xe*at *+ - xex+l1i + ])
|,(xj= 0 <+ :x(1+11 : O e x :0 orx :-2
\\'hen x =0, y:0.
l\/lrcn \ : -2, ),: '/, (-2)1 e-2+t -z

e
'l-he turrrirrg points are (0,0) and (-2, 2e-r).

l"(x)= (*u'*'**"'.')-.r+1 * xe'+7 + xe'+7 **r**'
-2: gir+l * ZXe*+7 *x' 

"x+1 
: gx+7(t + ZX +1-\2'

_2
1"1>:; :6 e L + 2x +i= 0 (V x e lR,e'*' > 0)z'
r'+4x+2 = 0
A: r6-8:8

_++'/eXr=-----:--=-t*J2,2
-+-Js ^ Erl=-----:....._: -i- yz-2

Variablc table

c) Graph cf {(x)

Y -oo -z-JZ - z -2-.,17 o
+co

I'(x)
+

f '(x)
f(x)

Concavitl'

M = 2e-I

i
,/ '/I \7: ?

m:0
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17.'fl:e sidcs of pcrlcct dic arc colorcd a.s lollorvs: threr: siCes arc orante, tr',,r-'r sidcs arc grecn
and one side is red. A player bets 200 RWF is refunded for each rhrorv. rirhen red face of
tl-ie dic is up, a player is refunded i0% of 200 Rwl.-, when orange face is up, ? player is
refuncled 30o/o a{ 200 RWF and when green face is up, a player is given 500iBWF.If X is
the difference betu,een the refunded money and the betted money, r

a) Detennine the sets of values of x and the distribution probability of X. 5.5 marks
b) Calculate the mathematical expectation E(X) of X and interpret the obtained values. 4

marks
c) Calculate the variance anri the standard de.rjation of X. 5.5 rrarks
Ans'rver:
a) g: {red f ace,orange iace,greei'L f ace}

LOo/o ct{ 200F = 20F
3A'/" af 200F = 6SF
I-et X: X = 20F-200F :I80F

X: 60F-200F = -140F
X: 500F-200F : 300F

=+ X(fi) : {-180, -140,300}

Therefore F(X:-1t10) = I
P(X: -i40) :1 =

Uistribution Eroba n tabular fornr:
Xi -180 -14S 300
P(X,) 1/6 % 113

a

6

1

i
I
3

llv K A !'YEt .q ^rr 
t o

P(X:300) =
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b) E(x)=rlr p(x)xi:]r-isc;-iJ{-r+o; +J{soo) = -30 - za +100 : 0
Interpre taticn of E(X) : t):
The ganre is lralanccd; (!rc P!a'o,er- is equally !ikcl;,to lcse or gain. After manv(rials, rhe plar,,cr *'ill relthcr. !ose or gain.

c) ',"t}l zT=1p(x.)x? - r(x)r:I[, p(x)x? _ 0 _ Z,i=rr1x,!x! :
-if-reo;, +){-::a), ni(300)2: s400 + eeo; + 30 000 = 4szal

And
p,: Jv(x): J4s zoa:2tz.6a

I 3. A straight line passes tirrougli points ,rr(- i , -5), B(0, _g) and 2y + I 6 : 4x2 is the equationof tlrc curye C.
a) Find the equation on the straight line AB. I nrark
b) ln thc sanre Cartcsian plane, drarv thc straight line AB and the curve C. 3 marl;sc) Calculate rhe area ber*,ee, rrie curve c anithe,trrigrr;i;;" AB. 6 marksd) Calculatc tllc Voluntc of solid r,lrc'olurion about tlrJx-axis of the surl.acc arca in c)above. 5 marks
Ansrvcr':

a) AB=y+5=#(x+1)€.AB= ),= -3x_B
b) 21'+i6 - 4xz a \,= 2x2-g

c)

Y =-3x -B and ),= 2x2 -8 c+ 2x2 +3x = 0 ,g x(2x+3) = 0 <+ x:0 or x= _3/2

b) 21,+i6=4x2?],=2xr

Calculation of intersection poinfs

lo - r3(#) -lir)l= 
lo *i *'+l: lrr#l =i rn units

E
);
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d) The'r'olume ol'solid of'rcvolulion V:
v:rf!{exz -B)z -(-3x-B)ldx: [as(4xa _41.x2 _4.8x)d_x

:" [f - + -Y]'-,,,: ^ {0 - it, (#) - +(*) - z4i)l)
1243 369 276f ,243-7A45+276A 558rr ^:"[*- 

8 + nJ=rr( 40 =l;-Cubicunfrs
19. a) Supposc f and g arc lincar transfornrations olr real vector.space IRr u,ith their

rcspccrivc rcprcscntarivc nrarriccs t: [ ;1] ,r,i o = [_t, !] relative to rhe basis B.

Find the rrratrix tlrat represents gof,
b) Find a vcctoru such thar f(u):2u andvcmorv such that f(v)=v 4 rnarks
c) Prove that B : (u, v) is a basis of rhe vector space IR2 2 marks
d) Writc thc nratrix T that represents f reiativc to rhe basis B. 4 rnarks
e) Find a relationship berween F and T. ?. marks
Ansrtcr':

a) o: [] ;'] ,,0 *: [_=, 3]
"l-he nratrix represcnting g of f is

c.r:[3 01 [1 -il :[3 -31L-z lJto z) L_z 1l
b) f(u) = z., e [] ,t] I;] = [;;]

rX1
\i/hen u = t;](x-y=2x ( velRol zy'=zy o lr'= -y
Thenefore u is a vector of the for* (-r) = /(-rr), y e IR. t
Tal<e for exanrple: , = (;t) li
f(r,):"* [] ;ll;1= [;]

r.rl
w'ith v: I ILlt

(x-!:x (x€,lR(:+.( ^ <= {I ty-y lJ= 0

\r is of the forrn [;] = , []] , re rn

c) B : (u, 'l 
: ((-i), (il) ,r a basis of i RZ

since i--n 1l = -r + o""^"li' ol - rrv
And B having trlo vectors, is a generator system in as rnuch as u and v are
Iinearly independent.

d) Let T be the matrix that represenis f in ts.

trve musr nnr"{f \y).:2, o {f @) = zu * av
lf(tt)=11 lf(v)=0u*u

Therefore, = l;t ll


