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AV = Zax{(x)Ax
V= anonxsinx dx =2n[sinx — xcosx]f = 2n?

: inx : —_— £ ;
03. a) A student asked to calculate lim,_,, fﬁ; applies Hospital’s rule twice in succession

o . sinx . coSx . —sinx . s P
and finds lim,_,q —= =limy_q " lim,_,, = 0. Explain why this answer is
wrong and find the correct answer.

. secx
b) Evaluate lim__ = 3.5 marks
X737 tanx
Answer: .
— y cosx , Py 3 .
a) The answer is wrong because To2. 1s not the indeterminate form when x —8 and
consequently the hospital’s rule is not applicd
s s - sinx . COoSx
The correct calculation is lim,_y—— = lim =1
x+x2 x-0 1+2x
. secx co
b) lim =—LF
x-7 tanx ]
2. y
Tim 2% = Jip 1=}
w S MRS b 7
X3 cosx x=7 °

04. Let C and D be events defined on the same sample space such that p(C) = §> p(C N D)=

%;‘ p(C/D) = % with D the complementary event of D,

a) Find p(C n D), p(D) and p(D/C). ‘

b) Explain whether C and D are independent events. 4.5 marks

Answer:

2) C=@NDU(CnD)and (CND)N(CNDB)= @
P(C)=P(CND)+P(CND)= P(CND)=P(C)-P(CnD)
P(D/C) = Py _ s 7 _ s
P(D) = P(CND) _ 5 14 _ 2

PC) 2173 12
PC/D) 2175 3
b} P(C/D)= P(D)or P(CN D) # P(C).P(B) = € eand D are not independent.
05. In a certain college: 65% of the students are boarder, 55% of the students are female and

35% of the students are male boarder. Find the probability that a student chosen at
random from all the students in the college is
a) aday student;
b) female day student. 3 marks :

By EAYIRANGA Serge, facilitator in science subjects, KAGARAMA SECONDARY SCHOOL
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07.

&) t the element | be © boardey student’™
Fhe ¢ giri student™
we have P(1) = 0.65 and P(F)=0.55
;’(H—I -P( E)— 1-6.65 = (.35
) P(FNI) =1
We know that 1 =(Fn /) u (In Fyand that PUNF)n(In ?) =
Thus P(I N ) =P -PUNF)
As thesame PN F) = P(H— PN !*)‘_ 0.65—0.35 =030
Thus PN ;«) :.-‘(F PN F) = 0.55-¢.20=0.25

In Euclidian space (R, +,.jfind

a) Parametric equations of the line of intersection of the planes 2x+y+z = 4 and 3x-y+z
=2

k) an equation for the plane that passes throu _jl the point P{]

of intersection Of[ﬂL planes x-y+z = 1 angd x+y-z= 1.4
Answer:
&) et B be theline of inte

(Zx+y+ 2z
b=
IX = F 2
et ngge x =)
[ x=
1,1
= - 4+ -
p={Y 73773
7 5
z=-—=A
2 2
N.RB: There are different forms of answers, it depends on th var}éb e taken as
parameter.

b) Let find the Cartesian equations of the pian which contain the Eine B' and passes
Xx—y+z =1
X+y—z =1

Thus Py,(1,1,1) and ?‘(I 8, 0) \m‘.m’ answers: v = z can take any values of )

through the point P(1, 3, -2) with D' = {

The vectors PP, (0, —2,3)and PP,(0,—3,2) there are said “director vectors of
the asked plan

x-1 y—-3 z+2
Thus the equatien | 0 = 2 =0
L 6 -3 2 4

Letx=lorx-1=
Let z=-12iV3+12, t = -6v/3 + 6i and w = 3 be complex numbers.
a) Compute the modulus and an argument of z and t.
b) Express w and w® in their polar and standard forms. 4 marks
Answer:

a) Moduleof Zis|z| = (12V1+3) =24 and moduleof tis|t| = (6Vi+3) =
iz
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1
cos@ = -
- 2 S
Argument of Z = o 7= B = 5 4 2k, keR
= . W
[sing = ——
\ 2
[ 3
| cosé = ~\—3 ot
Arguitrent of ¢ :% 1 =G = ——1‘ 2km, kel
{ sing =
, ) /5m  Sm 9 . /57 St Si
Wherew=—(cos|{—— —)+mv — ——13)=2 {cos—Hisi1 :— trige. form
here w=3 (cos {3~ (3 ")) =2 6 ) ( )
=3 +i gebvmc form)
" ST %oy 5w -l
by w'= )((cosé—é—ﬂsmé—; = 28(cosSmHisin(-5m)) = -2° = -64
S , 11 17 .
The fundamental theorem of calculus scems to say that [ L Sdx = -2 = —2in
“13 a

apparent contradiction to the fact that i

inarks
Answer:

‘The function te integrate is f(x) = < is

when x—0 and however is not contmuous under [—1

theorem is not applicable in this case.

numbers x such that 4*-2*-2>0 4.5 n

A By ync sy
AREWer:

v /
o
- //

5 bl
? :v;‘+y2 = y2=d2—);‘ = yz =16-x

d

Axy=xy =xV16% — xZ with 0 < s

162-2x2

Using derivative, A(x) = ——

The area of rectangle is

is always positive. What is wrong here? 2

not bounded

, 1] thus the fundamental

- Find the maximum possible area of a rectangle with diagonal of length 16m. Find all real
Marks

AN

A 4=+ ¢

i

The maximum a:
Let solve the equ tion 4°-27> ¢
%

¥

2T & (T

BN (""w

rea is th:c A(8\/§} = 128cm’ wit

6
ithx=y=8/2m

-2)(@2*F +1)19 =2< —10r2% 2 2.1
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AsZx> Ve R weexciudez < -1
P in2
Thus4x-Z2x-2>0=2">2 o ).>1—7§

o
10. If a diagonal of a polygon is defiried to be a line joining any two non-adjacent vertices,
how many diagonals are there in a polygoy 1 3 sides? 7.5 marks
Answer:
Murmber is

1. a) Find the angle @ between the planes with equations 2x+3y-z = -3 and 4x+t5y+z
b} Then write symmetric equations of their line intersection L. 4 marks

z'i) 'fﬁ“'w.e vectors
(2,3, ~1)and m = (4,5,1)are normal to the planes of equations:
2x+3y—-z= —3 and 4x + 5y + z = 1 respectively.
A 8+15-11 n\/§

ImILbmL — Viavaz 2t
“ﬁ) = 24.81°

cnd 6 = anros(
21
bj For finding the system of Cartesian equation of the line L, we must find twe

=3
psimr. P, anéd P; of L.
One poin t of L and the directer vector of L (this is the product vector of

7 rznd’ )
Let use the first alterniative: to find P, and P, give the arbitrary value to aARY One
of the v"rhole s X, ¥ and we solve the obtained system:

=1 ll =l |
Letx =1 3y-—7-- 5@5}': —-1a P, =(1,-1,2)
i y+z= -3 b g 2 1
( x=5 (x=5
Letx=1 idy—z = 13 Sy=—teP=(5-41)
= —1¢ \Zz=1
The director vector of L is ?’T(df -3,-Dandl = % = 3%1 — ﬂ
12. St uppose hat it is known that 1-2i is a zero of the fourth- degree po ynomial f(x) =x*
3% +x*+7%-30. Find all zeros of f£(x). 4 marks
Answer:
Beczuse complex zeros ocecur in ¢ onjuq e pairs, vou know that 1+2i is also 2 zere of
f.
Both [x-(1-2i)] and [x-(1+2i)] are factors of f
[r=(E-2D} -4 20)] = [(-1F2i] [(x-1)-2] = (-1)24i%= (-1)(x-1) + 4 = xPoxx+144

=x"-2x+5

Ky
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e
- 3 i Xt - X - 6
U =X - 4347y
S o
+xY 2%~ +53%

+6%7 - 12x + 20
Q
fx) = (x7 -2x + 3)(x7-x-6) = (x-2x+5)(x+2x-3%-6) = (- 2xH8) (x4 2)-3(x+2)]
= (x% - Ix + 5) (342) (x-3)
The zerosof farex=142i,x=1-2i,x=-2 and x = 3
$={-2,3,(1-2i), 1+ Az)}

- n+
3. a) Determine whether the series (Un)nem given by U, = —= 15 geometric or arithmetic.

b) Calculate $2°U, . 3 marks

il

Answer:

a) Un:%% and U, .4 ._11;224_ 1
Un"r'l_'Un:E'\Lﬁ-E-—E:—l-
4 4 4 4 2
= (U} is arithmetic of common difference r =§
20 20 :
ZU = Uitz +U20:"‘<U1+Uzo)—10(2U1+1 T)
n=0
1 135
~2$0<21+19 )~——h F
4 Z 7
14. The matrix [ 11 24 8] determines a linear application f: R3 — %2 with respect to

ndard bases. Determine vector U(x, y, z) such that f{x,y,2)=(0, 0)
Answer

Kerf = {(x,}', z) € 73 f(x,y,2) = (0,0))

fx,y,2)=(0,0) [_Ll _? G} E’j = [gJ

4 0
(’x+23':0 x=0
S{Tx—4y=0aiy=20
L zg'qg \ ZER
= Kerf={(0,0,2),z €1} Dimker f=1

Inf = {(a, b) (A,y,A)EERB.f(}:, ¥.z) = (g, b))
(x+2y:a ( x=a+2b
0%, 3 2= fa, b>§~x—4-y= b={y= -L(a+b)
\ zq'q ( ZER
For eack couple (2, b) of reals 3 (x,y,z)of ‘%3 such that f(x,y,z) = (a,b) i.e:
Im f= {(a b)csrﬂ} =% -

V7 4ETEYS s ow v -~

i
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N.B: To find Im fyeu can use the”’dimension”’ theorem (Gross man) .
Hi:E—F

nd dim E is finite then dim E = dim f+ dim Im f
Thus dim ER? = dim ker f + dir‘ ker‘f & dim imf =3-1=12 ‘

Asdimi=dim R?and Im f < %% thenimf = B2
I5. Examinations in English, Mathematics and Science were taken by 400 students. Each
examination was marked out of 100 and the cumulative graphs illustra ting the resuits are

shiown below. § marks

! g 4004 S fr 7 400 "} "/ 5 07 -

[ f / e / : .

| £ £ 7- : >

| : ? s i < -~

|z | i i z 7

[ 2004 N ;5 z 200 4 f = " -

B ] g | ‘

} ¥} ‘k < l 9] s

: o | !' e

j / 4 '

! [ e -— L Loy f

5 (1] 20 100 [} <0 13
! Mark Mart
! English Nlzthematics Science

In which subject was the median mark the highest?
In which subject was the interquartile range of the marks the greatesi?
Tn which subject did approximately 75% of students score 50 marks or more?

Answer:

2) The medi

G
St N e

o)

th

= 200" place,

th
b) The first quartile (Q 1) the 195__ = 100"

400! o 7
The second guartile (Q, )~—x—i = 3 0e 7 =

Thus referring to the d,agnm '

" The highest mediane is for English

¥ The greatest ecart interguartile is science

The subject where 75% of students obtained the marks equal to 50 and more
is science.

N.B: Use the above diagrams in your answer booidlet to show your working

SECTION B: Attempt ANY THREE questions (45 marks)
- Yre™Xy |
16. &) Find the length of the curve y= g——*_}e fromx=0tox=1. 5marks

. . 2\"
b) Evaluate lim,_, (1 + ~) 2 marks
n
¢} Evaluate the volume generated by revolving the region bounded by the graph of y = ¢*
fromx = 0 to x = | around x —axis. § marks
Answer
2)

Tyem 1 ¥ _ 1 - 1 1
ength = j, —~T—)dx=5fo (e + e Mdx = E[e"-—e 3 =§(e——) =1.165
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il
. ; " 2
by =l ., In (1 + ~> < Iny = lim,_, nin (1 + —) =0, 0
- : \ n \ n

n—-ow
n
/ 2 z 5
lny= lim ; HI oy A - Flm — = lim - =
> n (—)/ n—oo —= 1 n—on X+2 n—on 14~
n X x

17.a) In the group of 12 international referees there arc three from Africa, four from Asia
and five from Europe. To officiate at a teurnament, three referees are chosen at random
from the group. Calculate the probability that
i) a referce is chosen from each continent
i) exactly two referees are chosen from Asia,

i) the three referees are chosen from the same continent. 4.5 marks

b) For a given set of data (x, y) itis known that means ¥ = 10 qnd ¥ = 4. The gradient
of the regression line y on x is 0.6. Find the equation of this regression line and estimate y
when x =12, 6 marks :

c) Sketch the graph ofxz-‘ryz—Zx +8y+13=0. 4.5 marks

Answer:

a) n=12

Africa=3

Asia =4

Europe=35 A
=12~ 12! 12x11x10 V2

) s} = Cf 390 3xz 420 ’

B a(E)="C; x °C, x °C; = 3x4x5 = 6¢
=TE) 60 )
Th® 22002

ii} Probability that 2 referees are from asiz exactly
-~ 4 4 =1 ] {
n(E) =(Crx’Cy) + (Cox°Cy) = 18430 =49
48

Pe=e—=0,2%
2

226
HE) ="C3 +*Cy + °Cy = 1+4+10 = <
15

_ 220
b) x=10,7=4

Gradient of regression line cfyony

Y¥=alx-Dyonx

y—4=0.6(x-10)

y -4 =0.63-6

¥y=0.6x-2

y=90.6x12-2=52

b
o
bis]
fea

£)

);2+y2-'2>: +8y+13=0 = x? — 2x + ¥+ 8y =-1




..

& (xF—2x)+ (3% + 8y) =-13

< (xr—2x4+1) -1+ (F?+8y+16)—16 =-13

e (1) HvHE) = 1341416 @ (-1 Hy+4) = 4

The equation for the circle has radius 2 and centred at (1, -4)

4 4 4 6
B ~
Ps N ’
/
\\ /
£
8 \\__,//

18. a) Determine the real number a so that the following lines in the plane intersect X-y+1

0; 2x-y+2 = 0 and ax-y+3 =0. What is the intersection point? 3 marks

b} Use the vector product to find the arca of the triangle with vertices A(3, 0, -1

5) and C(7, -2, 4). 5 marks

¢) Prove that cos(g - 9) = sinf.

d) Solve the equation: sin3x — cos2x = 0 for x€ER 7 marks

- Answer:
a) Wehave to solve the equations £
x—y—1=0 x= -1

§2x—y+2=0=>{ y=0
lax—y+3=0 ax—y+3=20
Thusa(-1)+3-0=>2=3
The peint of intersection has coordinates -1, 0)

b) IfA(3,0,-1) B(4,2,5) and C(7,-2,4)
Then the area of AABC is -;— ”ﬁ n ZZ“

AB =(1,2,6) and AC = (4,2, 5)

T K
lABnAC|=|1 3 ¢|=22i+19i-10%
4 -2 5

.1 == — 1 =
Thus the area is 5\/222 +19%2 +162= 5V945
w mw . n . .
c) cos(; — 8) = cos;cosﬁ + szn;sznﬁ = siné
d} Sin 3x-ces2x =0 = sin 3x = coslx

m = m - P
= css(; - jx) =cos2xy = - 3x= +2x + 2k, ke 2

7 4XrTT amve~ o =

) B,

8]
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n -~
E~3x=2>;+7_k7r:‘fx=—i ZkT
2 10

T .
§= {1 +ZREE zzm}k €%
10 5’2
1+iV3

‘ 2008
be a complex number. Evaluate z & marks

19.a)Letz= P
b) Let : 2 = R%: (x,y) — ¢ (x,7) = (2x + 3y, x + 2y)
1) Prove that ¢ is linear transformation of the vector space (R, R2, +).
it} Show that ¢ is a bijection (one —to — one and onto) and define its inverse (¢ ~1)? 7
marks "
Answer:
a) &R - R (x, V)= &(x,y) = (2x+ 3y, x + 2y)
¢ is tinear if Vthe real @, £ and two vectors U(x,y)and B(a,b)of R?
We have é(aii + V) = add + 26T + BED ,
S(aii + f7) = §(ad + fa, ay + £D)
=[2(ax + Ba) + 3(ay + Bb), ax + Ba+2(ay+ Bb)]
=a(Zx+3y,x+2y) + B(2a + 3b,a+2b) = ad(x,y) +
B&(a+b)
=af(¥) + (VD) & linear
Let show that & is the bijection. Let be (2, b) € R? existance — t —
cne unique (x,y) € N2 such that 6(x,¥) = (a,b)
8(x,y) = (a,b) & (2x + 3y, x+2y) = (a, b)
@fo +3y=a :

lx+2y=5
@{x=2a—3b
y= —a+2b

Being given (a,b), there exists a unique
(x,y) = (2a+3b,—a + 2b) such that §( x,y) = (2, b) 2
Thus & is bijective, from the previous, we deduce Y
LRI S R (r,y) - (2x-3y, -x+2y)
N.B : To show that & is bijection and defines 6! we can inverse the matrix
M= E g} of 6 and M deduced §~1
20. Prove that the set of all complex numbers that have absolute value (modulus) 1 forms a
cominutative group with respect to multiplication. 15 marks '
Answer:
Let note S the set of complex numbers of module 1 i.e
S={Zeq:|z[=1)
S+ { }becausez =1 ¢S
To show that S is 2 commutative group. Let show that § is stable and closed for the
multiplication: That this law is commutative symmetric
S is stable because VZ € $,VZ' € S we have
L. The Iaw is commutative 2nd associative asitisin C
2. Let e be the neutral element of § for the muitiplication
ievZ €§ Ze=z=ezwehave
Ze=z2=re1=0 z(e-1) =0 © e-1 =0 becaunse z = J,z€s)we=1
Thus 1'is the neutral element.

By EFAVIR AR A Covecen (rnilitntns Sxe cntnsmrnm o Einnte WALLAD ARE A OCANRITY 41357 CATYNANTY



3. Verify if the law is symmetric
Letz=atbi€S$S ,
Let find 7 = x+yi € S such that Zi =1
7.7 =1 < (a+bi)(x+yi)

{ax —by=1
=

bx+ay=2¢0
a
R W
= b
y = = 02+b2

v o= B
As a? + b? = 1we have { - .
T \y = -5

Thus the inverse of Z is its conjugate 2’

ADVENCED LEVEL MATHEMATICS NATIONAL EXAMINATION PAPER 2008

SECTION A: Attempt all questions. (55 mnarke)
01 oy Find a'fora=[2 2]
b) Let T:V—W be a linear transformation of real vector spaces. Find T(v) and T(w) if
T(v+2w) = 3v-wW and T(v - w)=2v —4w. 3.5 marks
Answer: "
3 2 ]

H A= [4 4
= deca=g it S S et =3 31" o _32) =
(% 5)
T(w+2w)=3v-—W T(v) + 2T(w) = Bv —w)
) {T(V—W)ZZU_4VJ { =

Tw) = %v — 3w
72

T(v) — T(wW) = (2v — 4w) Tw) = %v +w

02. a) Find the derivative by the limit process: f{(x) = X=X
b) Show that this function is continuous f(x) = |x + 2| —5 6 marks
Answer:

fa+h)-f() _ lim Flx+h)3—f(x+h)—x3 +x — 1

£

3x2h+3xh2+h3-h
e =31

i

a) £(x) =§hl§g

: h h—0 k h—0
x+2—-5ifx > -2 x—3;x >—12
b) f{)=|x+2|-5= —5;if x= -2 :i ~5;x= —2
—x—2—-5;ifx<-2 —x—Tix < =2
Since f discontinuous on ]—2, +oo[ U ]—0, —2[, as pelynomial function. Let study
the continuity at the peint x =-2, xi_)ifa%_f(x) = xiifr%_(—x == Ti= —b
m f(x) = lim (x - §)==5
x—=2%" - x—--2%
as the limit at the left and the limit at the right at the point x = —2

Conclusion: fis continuous on R

Vx+c?

03. Letf(x) =—— - § where ¢ > 0. What is the function of f? How can you define fat x =0

in order for f to be continuous there? 3 marks
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Definefat x=0in order for fto be continucus there may calculate iingf(x)
Xrd

. ‘x—c2 ¢ ¢
HNE — = J
x-=0 x % 0
. vxvci-c Vxt+el—c . (Vx+c2-o)(Vx+ct4c) . x+cl-c? . i _

Him = }lim = Hm = =lim = lim e
x-0 x x=+0 X x—0 x (Vzxteci+4c) x50 x (Vx+c2+c)  x=0 (Vx+ci+o)
1
2c¢

(vax—c2 ¢

J— —~ifx #0

f(x) = } X X

4. A group of 50 people was asked which of the three newspapers: ‘’Imvaho Nshya’’,
“"Umuscso’” or “"NewTimes’” they read. The results showed that 25 read Imvaho Nshya,
16 read Umuseso, 14 read NewTimes, 5 read both Imvaho Nshya and Umuseso, 4 read
s both Umuseso and NewTimes, 6 read both Imvaho Nshya and NewTimes, and 2 read all
three papers. .
a) Represent these data on a Venn diagram.
b) Find the probability that a person selected at random from this group reads:
1) At least one of the three newspapers
11) Only one of the newspapers
1i1) Only Imvaho Nshva. § marks
Answer:
a) 1 be the set of people who read “imvaho nshya”
U be the set of people who read * Newtimes”’

;\§ .

b) D p (2 person reads at least one of the three news papers) = 1-p (person dees not
8 42 21
read these news papers) =1-— = 22 = ==
56 50 25
il) p (person reads-only one of the newspa ers) = e gt B
BB ¥ 2GS y one it WSpap - 5 %0 so
16 8
iii) p( person reads enly Imvaho nshya) = —had=
* 2
. « > . > X
05. Locate any relative extremum and inflection point of the real function flx)= e Inx. 3

marks
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Answer:

.2
(x)==—Inx Domf = ]0, oo
T g
. 1 ; 1 x2+1
Py =x-and f'(x) =1+ == :
PR=0ex=4+1,PxN)#0Vxe Deomf
I x g i
(x) - e e - - ¢+ + ++
(%) + + + + + +
f(x) 00 2

{ admits a minimum at point x = 1. That minimum value is % (absetute) :
i(1)=1— - Ini = .
The function has no point of inflection because ’(x)# 0 VxeDomf
In Euclidian space (R3, T+ )i
¢} Find the vector, symmetric and parametric equations of the line passing thro
i g
0, -3) and parallel to the line with the parametric equations { v = 27 — ¢

I
s

I-
N e
o

. z=3+ 3t

b) Find the z coordinate of B if the distance between A(4,1,-2) and B(1, -1, 2) is V17.
4.5 marks

Answer: ;

The director vector of the asked straight line is (2, -1, 3)

Let note the straight line D

The vector equation is

Px = Qidor 0% = A% + 0P with x any point of that line

s

~ )
a)

x=21+1 4
The parametric equation{ y = —1 7.
z=34-3 ,
The system of Cartesian equation is i;— =—y = Zzﬁ
b) d(A,B)= ”,4_—3’“ = J@E-12+(1+ 1P+ (=2—gP = Jo9Fa+ (Z+g)ee

Vi7 44z + 22 = d(4B) = V17
17+4z+2° =17 @ z(4+)=0 o z=-4dorz=0
Thus B(1,-1,0)or B(1,—1,—4)
07. The letters of the word MATHEMATICS are written, one on earth of 11 separate cards.
The cards are laid out in a line.
a) Calculate the number of different arrangements of these letters.
b) Determine the pfobabi}ity that the vowels are placed together. 3 marks
Answer:
ay {M,AT HEMATICS)
The number of possible arrangement is «2!121!;! = —1—81—'
b} If the vowels AEAI must follow one ancther, we have the bloc AEAI a5 “one

8! .
letter” thus the number of arrangement = Y but as the vowels can switck
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8!

4! . . L 4!
between them 7, ays the number of possible arrangement is finally X5 =

4!8!

202121

418121212 4
= P{vowels together) = =—
= P(vowels together) 21212111! 165

In Euclidian space (R*, +,.) find all points C on the line through A (1, 1, -20) and B(2, 0,
1) such that HR“ = QHEZ:” 3.5 marks

Answer:

|4C|| = 2||BE| @ (-1 +Hy-1)2y+(z+2)} = 4[(x-2) 4y
Ae Clieson straight line AB then

3
Hz-1)} with C(x, v, 2)

x=1+t
y=1—t Forte®R
z= -2+ 3t

(x— 1+ (-1 + (2+2)% = 4[(x - 2)2+ % + (z - 1)7]

x=1+t¢t
y=1-1¢
_ z= -2+ 3t
By replacing x, y, z by their values with respect to t we obtain the equation of second
degree:
3t2-8t+4 = ¢ in t. After solving we have t =2 or ¢ =§
Thus C(3.-1,4) er C {;,g, 8)
Or Method
1 2
A{ 1 |,Bl|O \‘
== 1 )
Let c(x,y, Z)—. 7
|AC|| = 2||BC|| & 4C = +BC :
AC = 2BC

. x—1 x—2 x—1=2x-4
Casei:@(y—}): (y >@{ y—1=2y

\z—-1 Z+2=2z-2

(x~2 x—1=-2x—-4

: z+2=-2z+2
&=z,
3
g 5
Thus C(3,2,0)
A manufacturer wants to design an open box having h meters as height, a square base

with side x meters and surface area of 108 square meters. What dimensions will produce
a2 box with maximum volume? 3.5 marks




Answer:
,
We know that V=x".h
. 2
The surface areais S =4hx+x" =148

— ; 27 1
Hmsh———————x
X

Y 727 i_ ] 275 _%-3
”’(\1—27 % 2
/ /
v
h
X
3 e 6
+ c + 0- =« = w =
V(%)
108
V) |0 7 \

a‘
‘The volume is maximum for x = 6m and h = 3m and the volume V %6 x6x3=
108m’
10. The cumulative frequency curve has been drawn from information about the amount of
time in minutes spent by 50 people in a supermarket on a particular day. '

By M},IRANGA :S’pl"f’ﬁ’ 1101 ITtntne sse endmee e o 10 0 wr 4~ o—
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Time (minutes)
a) Construct the cumulative frequency table taking boundaries <5,<10,<15,.....
b) How many people spent between 17 and 27 minutes in the supermarket?
¢) 60% of the people spent less or equal to t minutes. Find t.
d) 60% of the people spent longer than s minutes. Find s.
e) Estimate the median. 4.5 marks

Answer: 4
a}_The table of cumulative frequencies, we note Ja,b[ by a — b 7.
< Time(minutes) | ¢-5 5-30 | 16-15 | 15-20 | 20-25 | 25-30 [ 30-35 | 35-40
2 4 7 13 25 41 47 56
Cumnulative '
- freguencies

b} On the diagram, we observe that 31 people spent under 27 minutes otherwise 9
people spent under 17 minutes. Thus 30-9 = 21 spent between 17 and 27 minutes.
; 60x50
¢} 66% of 50 is 7
at more.
d) 66% of people
= 30 and there zre 36 people who spent longer than S = 23 minutes in the super
market (see graph)
¢) The median is 25 because, using the horizontal line
n
y=3 (where n = 50)

= 30 thus 30 people spent t = 26 minutes in the super market
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50 s g ;
= 25, this line meets the graph (the curve)at t =

"

25, that is, the median is 25
11. a) Find the roots of the complex number z =2 4 iv/2. Write answers in polar form.
b) If T: R? — R? transforms each point to its reflection in the x- axis, prove that T is
linear and write its matrix in the standard basis of the vector space (R, R?, +). 3 marks

Answer:
2) z=Z + iVZ lz| = (.\/Z)Z_!_(\/?—_)zzz
JZ
cos6G = —ZE .
- V2 2
siné = -

The roots of Ziare of the form
Z=V2 [cc-ﬂs G + !m) -+ isz'n(g + kre)} k
ieZ,=V2 [cos (g) + isin(—g)]
Zi=~2 [ccs (9—8—") + isin(—g-g)]
b) T: B2 R (3,y) - T(x, ¥) = (5, )
T is linear if T[(x,y) + (', ¥)] =T, y) + T(x’, v?)
and T(a(x,y))=aT(x,y)for a € R (x,y) 6",y € RY)
Or T(GLy)H(x’, y7) = TR, y+y’) = (b, y+y’) = (0, -y-y7) = (X, =¥+, -y7)
=T y)+ T, y)
Tla(x,y)) = T(ax,ay) = (ax,—(ay)) = a(x,—y) = aT(x+y)
Conclusion : T is linear
The canonic base of R? is ﬁ((l, 6); (6, 1)) 4
We have T(1, 0) = (1, 0) = 1(1,0)+0(0,1) 7
T(6,1) = (6,-1) = 0(1, 0)-1(5,1) ”
The matrix of T is (1 0 )

‘ g -1 ' ]
Other method i
z=v2+iV2
Let t = x +iy such that =T
(xHyi): =VZ + V2
iy’ + 2xyi = VZ +iNZ
Thus x’-y* =2 (1)

<>

Il

2xy =2 )

In addition |Z%| = |Z|] 2 x2+y* =2 (3)
x? -y =42

We obtain the system<{ 2xy = ﬁ
= P = 2

From (1)+{3) we find: x =+ ’ZJ;\E
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[ %)

2=y

From (3)-(}) we find: y=+

Asxy> O, xandyareof the same sign then we have
. ’2+\f2— , 2—\6£. )
= T
Nz N2

o
Loz -2

t2=-\] ? ~ i

. . 2 . il 6 x ;
12. ay Evaluate the integrals 1) f 2%dx i) f3 N

+bx—V3
b) Find the values of the constants a and b such that lim,_,q LT_ V3 3 marks

Answer:
2 i zrdx= L2 =i@ioay- LT
&) l)f e [an 2 -1 In2 (2 ) 2inZ2  In4
- 6
;)fw_e_d;_ =[Vx?-8],=V36-8-V9-8=+28-1
Ja+bx—
® by Iim 1 By =+/3 this can happen if we have the 1. F— iea=3
x—
i 1x/a+bx V3o 3+bx-3 b
iy x S S sy e
Thus Zb/: = /3 this givesb=6
Vo

Conclusion Iirxglli“f—-\/g =+3ifza=3andb = 6
x— H

13. Find x and y so that [_1 ¢ J [" 1] = [}' —:76] 1.5 marks

2 =213 2 y
Answer:
3 7
(—12 —Bz)x(g ;)z (; —6)
Q )y 7 ;
@(—;: e —12+—64-) - @, —6) /}

¢_\{ x+9 =y o {x: =5

Tl-2Zx-6=y y=

14. Using matrix inverse solve the system for real numbers x, yand z:
(x+ 3y—2z=1

z y+5z=2 3 marks
—2x—6y+7z=0
Answer:

x+3y—-2z=1 -1 3 =2\ /,x i
$y+Sz:2 @(0 1 5)()})2(2)
(-2x—6y+7z=0 -2 -6 7/ \z ]

The matrix of the system is A = ( 0 1

37 -10 2Z
CofA=| -9 3 0

17 -5 1

|



37 =9 17\
AdjA = (Cof(A)) = (——10 3 —5‘) the solution of the systeniis
2 0 i
x 1\ 37 =9 17\ /% 37— 18 / 3
5 1 1 4
("v’):é_l<2)=§<—lﬁ 3 —5) Z =2 —20+6 = | =2
\z/ 0 2 0 1/\0 ) K z
3
2
Therefore x = 139-,}1 = —g,z =z

15. Let the binary operation *be defined on Z (ring of integers) by x*y = x+xy+y
a) Calculate 2*(-1}, (-1)*9, and 6*1
b) Determine whether *1s commutative, associative or neither.
¢) Determine whether or not there exist an identity for *.5 marks
Answer: ‘
a) x*y=x+xyty
2%(-1) = 2+2(-1)H-1) = 2-2-1 = -1
-1)*9 =-1+(-1)6+6 = -1-9+9 = -1
6%1 = 6+6(1) + 1 =6+6+1 =13
b} *iscommutativeif Vx,y €EZ , x*xy=y=*x
x*y = xtxy+y = y+yx+x (+ is commutative)
= y+yx+x (is commutative)
= y*x(definiticn of *)
Conclusion: * is commutative n 2
* is associative if x*(y*z) = (x*y)*z, Vx,y,z € Z
X*(y*2) = x+x(y*z)yty*z
= x+x(ytyz+z) +ytyztz
= xtxytyzxtxztyt+yz+z 4
= x+txy+y+H(xy+x+y)z + z 7
= X*yHxy)ztz
= (x*y)*z
. Conclusion : * is associative in Z,
¢} Lete the neutral element. Vx € Zwemust havexse=x —e+x
as x is commutative,it is enoughthat x e = x
Therefore x*e = x ©xtxete x
< xete=0
S(x+l)e=0
@ xtl# 0 S e = 0provided x # 1 therefore e = G is the identity element
for the operation *

SECTION B: ANSWER ANY THREE QUESTIONS (45 marks)

where t is the time in

) . by dp 3000
16. a 1 9] ——
6. a) A population (P) of bacteria is changing at a rate of o B

days. The initial population when t = 0 is 1000. Write an equation that gives you the
population at any time t and find the population when t =3 days. 5 marks
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- b) Find equations of the léx}gelit lines to the graph of f(x) = i{% that are parallel to the line

17.

2y+x = 6. Find critical numbers as well as asymptotes of the function. 7 marks
¢) Find the equation of circle with center (2, 2) whose graph passes through the point (3,

5). 3 marks
Answer:
3000 s 3000 dt mpnn (440 _ o at
2} — = = jdp = dt ==3000 [ — =30006) — = 120080 —
) dt 1+0.25t f ! fi-i-().ZSt fi:‘_‘ 441 44t

12600 In|4 + t|+C

Il

dp = 12000 Inl4 + ¢| +C Le P(t) = 12600 Inj4 + 0| +C = 1660
=12000ir4+C =186 = C = 16008-12000in4

= C =-15635.5 hence P() = 12000 In|4 + t| — 15635.5
When t=3= P(1) =12 {}@ﬂ In7 = 166C

Ot

att=0, P=100C

= 1000 =12060In 4+C

C =10060-120001n4 =-15635.5

Eq: P(t) = 12600 in|4 + t|-15635.5

Att=3,P(3)=12008In7-15635.5="7715

1
b} The slope of the liney=- 7% + 3isequalte -- thuf the tangent on curve has
x-1-x-1 —2
st '=-—.'frf’x=
lope £7(x,) therefore {7(x) = (x 7
-2 E
' (xg) = :—t‘*(;\o}) =4, =30rx,=-1

(xo—1)2 2
thus we have two tangents of equations:

T=y—-f(3)= —%(x—3)orT,Ey—2 = ——%(x——?;’)
Ti=y—f(-1)= —%(x—!— DorTy=y= —%(x+ 1)

,)ff',/((?) i ?}} Vx € Domf = no critical point. "
A.H =y =1because Eimx_,ooi:_% =1

V.A= x = 1,because iimx_,ii—}i =0

No O.A

x)= o 1)3

¢} The equation of cercleis (),:-2)2+(y—2)2 =R?
As (3, 5) € to the cercle, we have (3-2)’+(-5-2)* = R?
Let be R* = 50, thus (x-2)+(y-2)* 56 or x*+y’-4y-42 = 50
a) Consider the point P (3, 4) and the circle x*+y? = 25,
1) Is P a point of the circle?
11) What is the slope of the line joining P and O(0, 0)?
ii1) Find an equation of the tangent line to circle at P.
iv) Let Q(x, y) be another point on the circle in the first quadrant. Find the slope my of the
line joining P and Q in terms of x.
v) Calculate lim,_,, m,. How does this number relate to your answer in part (ii). 7.5
marks

e e A A et Blnie WACLAD AN A CECONDARY SCHOOL



b) Study the following graph of a function f and answer the questions that follow:

X W R D I SR A
[ [ & 7§ g e DT T e
. ] i : | T, ' i : Py X i !
e e B et e R S I
| \ ; i P |
1 i —r— i ! o e e _-ih —
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1) Find the domain and the range (Image) of the function f
1) Find lim, o, f(x)
111) Determine whether the function is an application, one to one (injection), onto
(surjection), bijection or neither. Justify your answer.
1v) Find intervals of increase and decrease for the function.
v) Find the derivative of fat x = -1. Provide Justification to your answer.
vi) Can you guess the number of zeros of the function f? Give an intgrval (a, b) such that
|b — a] = 1 in which each zero lies, 6.5 marks ¢
Answer: :
a) f=x?2+y2 = 25

1) p(3,4) is a point of the cercle becauvse 3%+4% = 25

if) The slope of OP is > .

i} TI;EXOX T Yoy = 25 for P(xg, y,) € cercle thus Tp=3x+4y =25 or y =

3 25
—-;x + —4-

iv) Let Q(x, y) with (x, y) € R2xR? and x2 + P& =125
m, =22 g¢ Qecerclewe have y* = 25 — xZ = Y= V25-x2(y > 0)

&=3

V21-x2-4
Thosm,=—"-""
x~3

—(3+x) 6 3

Viime sm, = im ¥l o gy 922 L -G s = -2
=3x8 a3 -3 x-3(V25-x244)  x-3 (V25-x244) 8 4
We see that the limit and the slepe found in (ii) have the product egual to -1 thus
OF is perpendicular to the tangent at point P o
b) )Domf=Rand Imf = R

T SRR e 4 e e AR i fe v o vww s AT
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HY Hm f() = 40 and lim f(x) = —oo

x—-—o0 x—+0o0
iti) fis an application because Im f = 51 is not injective because two distinet
points have the same image. Let use the horizontal line y =2 for example:
It cuts the straight line in more than twe points. f is surjection because Im i=
L f is not bijective because n
*o injective.
iv) fincreascs on [-4, 5, -1] and decreases an jj—oo, - ;J U [1, 4o00]
v} T has three zeros because the curve cut QX in three distinet peoints, those zeros
belong to the intervals: ]—¢, —5[]-3,-2[ and [0, 1
I18. a) Solve the following equations in the field of real numbers
1) In(Inx) = |
i) In(x+1) = In(3x+1)-Inx
1ii) loga(x-1) = 5
b) How many years, to the nearest year, will it take money to quadruple if it is invested at
20% compounded annually? 3.5 marks :
¢) Determine the point (s) in the interval (0, 2r) at which the graph of the function f(x) =
2cosx + sin2x has horizontal tangent. 6.5 marks
Answer:
a) BDin(lnx)=Izandlnx=e= y= ef, 8= {e®}

{ x> G
, x> ~»_1
0 In(x+1) = In(x+1) - Inx < x> -1
nx+1)=In (BI:l)
x>0
< _ler=1-7§ ={1-V2)}
x+1 == Vi
9 oo (vot) o x>1 ( x>1 s
iii) log,(x-1) 5@{ —1:25“{x=25+1:”“‘ +1=33

Thus § = {33}
b) Let C, be the initial capital placed at the rate of 1% =

, , C ;
After the first year the capital becomes Cir=¢, -fsl‘;i;: CO(I + —;-)
100
Cyixr 7 \)2
After the second year it becomes C, = Cﬁﬁ;o = Co«i + v ) the same

. b % - r\1 .
Feéasoning conduct us to the formula: Cp= (TL + EE) of the capital after n years

o - s A o 20\ _ 20 \"
If ¥ =20% 2nd C, = 4C,, er have 4C, = C,(1 + =) e 4= (1+ R)
S hnd=nn(1+0.2) e n= znrfz =~ 8 vears

¢) The graph of f admits the horizontal tangent at [(%o, f(x))]
H PGy =0 .
P(x) = -Zsinx+2cesZy
Px)=0 o —25inx+2(msz):—sinlx) =0
< -2sinx+2(1-2sin’x) = ¢
¢ ~dsin’x-2sinx +2 = 0

IR 242 N
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i) im f(%) = 400 2nd lim f(x) = -

X——o0 X—+o0
itiy fis an application because I'm f = R is not injective because two distinet
points have the same image. Let use the horizontal line y =2 for example:
It cuts the ctraight line in more than twe peints. fis surjection because Im i=
R f iswnot bifective because n
o injective.
. g . o 1 9
iv) fincreascs on {~4, 5, -1] and decreases on |—oo, — z] U [1, +oof

4

v) T has three zeros because the curve cut OX in three distinct peints, those zeros
heintervals: ]—6,-5[]-3, —Z[and [0, 1]
lowing equations in the field of real numbers

belong to t

18. a) Solve the fol

1) In(Inx) =]

i) In(x+1) = In(3x+1)-Inx

1i1) loga(x-1) =5

b) How many years, to the nearest year, will it take money to quadruple if it is invested at

20% compounded annually? 3.5 marks '

¢) Determine the point (s) in the interval (0, 2r) at which the graph of the function f(x) =

2cosx + sin2x has horizontal tangent. 6.5 marks

Answer:

a) Bln(inx)=Izandinx=e= y=¢° , S ={e€}

( x>0
, x> ——__1
i) En(.ﬁ-]}=sz(3x+l)—hzx L= x> —%
In(x+1)=1In Lol
x>0
Tlrt1=EESx=1-V265=07) i
BN oo p 4% x>1 x>1 a5 ’_
ti) logy(x-1) 5<=>{x_1:25 {x:25+1=>:a—4 +1=33

Thus § = {33}
b) Let C, be the initizl capital placed at the rate of r% =
-

After the first year the capital becomes C; = Co % = CO(I + E)

2
% 5 Cix !
After the second vear it becomes C, = C—1 o Co((i oL the same
v 100 \ 100
. ; \ N T\ .
Feasoning conduct us to the formula: Co= (JL + m} of the capital after n years
anos = , 20\ 20\
If r = 20% and C,= 4C,, We have 4C, = &1 + o) = (2 +)
’s bs

= nf ‘ s = n4
@ Ind=nin(1+02) < n T

=~ 8 years
¢) The graph of f admits the horizental tangent at [(x,, f(x))]
H (=0 .
P(x) = -Zsinx+2cosly
P(x) = 6 < -2sinx+2(cos’x-sin’x) = ¢
R4 —Zsénx+2(1-253n2x) =0
- ~4sin’x-2sinx +2 = ¢

TS.. ¥7 4¥7rv™ s mw o o
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) .1
& -4sinx+1][sinx—] = €

s . ; 1
Thus P(x,)=0 & sinx=-lorsinx= +§

X ¢ 76 5al6 3 n/6 iz
(x) i U g ++++ § b
The graph of f admits horizontal tangents at x = 7/6 and x =5 n/6

19. a) Express the complex numbers 3™in the standard for a+bi 2 marks
— P
b) Find all (real or complex) numbers such that x’=-8. 4 marks

L

¢) Write an equation of the plane passing through P (1, 0, -1) with normal vector

marks

d) Discuss the domain of the function f(x) = Vx2 — 4mx + 5m — 1 inreal variable x . §
marks ‘
Answer:

2} Z = 3c™= 3(cosmtHsing) = 3(-1+0i) =-3

7

- 1 -
by x’=-8 & x = (—8)3 we need te determine all cubic roots of -8 therefore -8 = £e”'
~ P v 3 > B T+ 2ETY
= §(cosn+isinm) = 8[cos(a+2kn) + isin{n+2knj] and V-€=3-8 [cos( +3 -+
. . +2k T
isin (n 3 n)} for k=0, 1, 2 thus the x are:
T e 1 iv3 =
s 7 ¢ icin—| = 2Z2i=-4+—| =1 1
x1=2{ cos ; + ising L(2+2) 1+ iV3
¥, = 2{cosn + isinn) = 2{-i+0i) = -2
5 1, iV3
x3=2|cos— + zsan = 2(54—%_)—1—1\/5
X = 1
¢) Letbe u(x,y, z) any point of that plan then the vector Pu y - is orthogonal
+ 1
2 7
toe| 2 |and therefore 2{x-1) +2(y) — 1(z+1) = 0 is the equation of the plan firally
-1

we have 2x+2y-z-z= 0
d) f(x)=Vx?—4mx+5m—1
Dom f={x € %| x* — 4mx + 5m — 1 = 0} by solving xl-4mx+5m-1 we have x =
2mtVx?-Sm+ 1 '
 is real if 4m*-5m+1> L.e: wr/— ormz=1

Fo» m>1orm>1we hzwe two distinct values of x and x* — 4mx +
m-—12 0

}ff"< 2= mz—’:m+10rlfx< +vV4m? —5m+1

Thus the domi= {A 1f <m < 1}——00 2m —V4m? — Sm + 1[ U ]Zm +

Vim? — Sm + ?i, oo[} for m< — OF eenene
4
20. a) Calculaxef

dx 2.5 marks

FI.. TS OA4NIVFN 4RV 4 ~ eve
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b) Let f(x) be a numerical function. Describe a removable discontinuity at a2 point x = a.
X0
78
x2—4

Is there any point that illustrates this type of discontinuity given that f(x) =

marks
¢) The table below summarizes the results of all the driving tests at 2 certain Test center

during the first week of a certain month.
| : Male Female
| 32 4 43
i Pass
| 8 15
' Fail

1} A person is chosen at random from those who took a test that week
¢ Find the probability that the person passes the test
*  Find the probability that it was a female who failed the test,
11) A male is chosen. What is the probability that he did not pass the test? 7.5 marks

« Answer:
sinx d(1+cosx) i
a) I=f——dx=- [——= —In(i+cosx)+C=1In cforx=+
&) f1+cosx f 1+cosx ( )T 1+cosx+ / N
(Zk+ 1w
Cther method
% sinx 5 , o S/ 5
[=[——dx letpaset =1+ cosx < dt = d(1+ cosx)
+CcosSXx
dt = -sinx dx = sinx dy = -dt
N dat
i =-f7 = —Inlt|+ CthusI = ~In|i + cosx| + €

b) A function f(x) admits a discontinuity of the first type at point x = a if it is not
continuous in x = 2 but admits the definite limit when x tends to a. If f is
extendable for continuity in x =a.

y x=2 5 . ;
)= 5 f is not continous at x = 2 because 2 ¢ Domnf.
b A
. . N . x—2 C s
B butlim f(x) = lim5—==-IF
x—2Z x->2x°=4 0

e X2 1

=lim——— ==

x—2 (X—Z)(Z+2) 4

Thus f admits the discontinuity of the firsttypeinx—2
¢) Let P bethe person who passes successively the test, and F the person is female

M F TOTAL
32 43 73
R
8 15 23
E
40 58 98

D P(p) ==
P(PNF) = P(P/JF)P(F) == 2 15
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P(POF) 1

i) P(P/F) = P(F) 4():5

ADVENCED LEVEL MATHEMATICS NATIONAL EXAMINATION PAPER 2016
(MCB, MEG, MPC, MPG, PCM, PEM)

SECTION A: Attempt all questions. (55 marks)

01. In an arithmetical progression, the thirteenth term is 27 and the seventh is three times the
sccond. Find the first term, the common difference and the sum of the first ten terms. 5
marks
Answer:

In arithmetical progression (AP)

Iet a; be the first term and @ be the common difference
g, = a+ (n-1)d

213 =a+(13-1)d & 2;3= a+12d < 23727

a7 = :‘sz

<at+ (7-1)d = 3[a+(2-1)d]

&at6d = 3(atd)

6d-3¢ =3a-2
3d=22

3
a+12d =27

Again atl2d =27
2
at12(%) =27

a+4(2a) =27
a+8a =27
9a4=27 y

Sn = '72'1'(3+2‘n)
S, = g[a+a+(n—1)d‘] & Sy = g(za+(n-1)d)
Si= 2.2 + (10-1)2) = 5(6+18) = 110

02. Find the equation of the normal to the curve 2x%-6xy+y’=9 in the point (4, 1). 5 marks
Answer:
The equation of the normal line to the curve is given

N=y-—-y,= -—(x Xo) Wwhere P(4, 1) i.e y,=1,%,=4

y'= —d— & 2x%-6xy+y’=9

4,{,—6(}"*‘){&)""2)’&—; =

At the pm‘m (4 1) we obtain :

16- 6(£+4 )+z ={ i
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Ay o dy 105
- e ¥ O;' —_ T —— = — = 7
orr 18 L oad dx 22 11 }f "
then the slope of the normal is i and the equation asked is y -1 =
(4]
11
= =g
= (x— 4)
49 11

11
ory= E————g—(x —4)ory =
Other method
o 2 .
IXT-6xy+y'=9 (4, 1)

The Cartesian equation of the normal

f:'(:(ll—yti)
N= y —y, =220 29
Yo = fitremyy " 0)
6x,=2y
T2 oy o vy i 9 "0 v
T’\ y _‘yo 44'0—6}'0\1 A()j
—24+42
N=v—~]= (-4
w=y-l 166 ° )
N= =22y 4
=Y 10 v
-11
) N=y—1="~(x-4)
pol
45 11
Nz y= 5 T X

03. Two machines A and B produce 60% and 40% respectively of the total output of a
factory. Of the parts produced by machine A, 3% are defective and of the parts produced
by machine B, 5% are defective. A part is selected at random from a day’s production
and found to be defective. What is the probability that it came from machine A? 4 marks
Answer:

Let A be event that the part is produced by the machine P(A) = 60% = 0.6
Let B the event that the partis produced by machine P(B)=40% =0.4
Let D be the part which is defective P(D) =P(AN D) + p we are required P(A\D)

P(A\D) _ P(anD) _ P(A)xP(D\A) _ P(A)xP(D\4) _ P(A)xP(D\4) _
b P(D) P(D) P(AND)+P(BnD) P(A)xP(D\A)+P(B)xP(D\B)
0.6x0.03 _ 0018 0018 ¢

0.6x0.03+0.4x0.05  0.018+0.020 _ 0.038 _ 19
Other way (Boyves’s theorem)
P(A\D) = P(A)xP(D\A) — __ 06x003 _18_ 9
P(A).P(D\A)+P(B).P(D\E) ~ 0.6x0.03+0420.020 38 _ 19
04. The amount A(1), in grams, of radioactive material in a sample after t years, is given by
A(t) = 80(271%0y,
a) Find the amount of material in the original sample. 1 mark
b) Calculate the half-life of the material. [The half-life is the time taken for half of the
original material to decay]. 2 marks
¢) Calculate the name taken for the material to decay to 1 gram. 2 marks
Answer:
a2} The initial (original) sample A(t) = 80.(2°% = 80g
b) For the half-life A(t) = 48
t —t . =L
= 40 = 80(2700) = - = 27w & =2 e =1 e =100
Se the sample of the half life is 160

-t —t
Q) A(f)=1 ¢80 (2:00 ) =l 70 = = L og2 = 1og80
By KAVIRANGA Sevco. furifitoior is crionro cubioric WACRARAM A CLOAARNT ADY O TFOAT

\
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100l0g80 .
e ¢ = 10000080 _ oy
log2
= 1 t . v 10020
OrinZiv=In— & ~—InZ2=-n8l < t = —=
80 100 n2
then t = 63219 ’
05. Find the angle between the lines
x+2 ¥+1 Ak v z—1 L
== Jand == = — 4 marks
2 Z 3 6 2

Answer:
The vectors a = 2i+2j-k and b = 2i+6j-2k are parallel to two straight lines if
Gisthe cuteangle between 2 lines then.

16

L

i6

thus 6 = w 1( ) = 0.704147414(rad) = 40.367
06. Suppose that the profit P obtained in selling x units of a certain item each week is given
by
P = 50vx — 0.5x — 500, 0<x<8000.
Find the rate of chanoe ofP with respect to X when x = 1600. 2 marks
Answer: :
A he rate of change of p with res*)cct m x is given by

:—(50\/‘ 0.5x — 500) =

\/“ 0.5 ,
z5 5 11
;= 1] e == 5 =>-—-_="=
Atthepomt) 1600, we ha \edr, el -l

07. Find the intervals for which the following function is continuous:
.1
xsin=,x# 0
f(x)= x’ 2 marks
0,x=0
Answer:

5 1. . : .
Sincey=<is continuous except in the point x = 0 and u,ai the functmn sin
is everywhere continuous. We need only to verify the continuity fzt the peint x =

s % .1
At that pointlim xsin- = 0
x—=0 x

1 SU’E; i
mxsin—=lm —= letpose t = - = fx—0 @t= o
x=0 X x—0 _i_ X .
x
. sin— . sint
we have lim %= lim —=0§
x—-0 = x-0 t

' 1
then the function f(x) = )’S!B— is continueous on J—oo, +-oo
Other method

xsin-,x # 0
X
\G,x=0
Verify if f(A) is continuous at point x,=4
1} ¥¢=0 €Edomf
) fx)=limf(x) = iim
A Xg b

Juy

f(x) =

f(h)

H
1
-



08.

09.

10.

[(&-() _ 4-1

63
1 sint A . e
Lett==ifx - ¢ t — oothern lim = 0 thus f(x) is continuous. L.e:
by Y0

J—o, +cof

4 L f e F(a)=-7(1)
Given the function f{(x) = 5- =, find all ¢ in the interval (1, 4] such that "(c) = — 3 3
o

marks
Answer:
The angular coefficient of the secant which passes throug gh (1, (1)} and (4, {(4)) is

4-1 41
As fverifiest
THEOREM)

=1
tie conditions of the theorem of LAGRANGE (AVERAGCEVALUE

There is at feast one valuc on the interval |1, 4] such that f'(c) = 1
N 4 2 .
Sclving the equaticn: f'(c)=1 we have ey = == I=24=c"=2¢c=42

Finally on the interval (1, 4) we takec=2

Find the volume of the solid formed by revolving the region bounded by the graphs of
y=x+1, y=0, x=0 and x=1 about the y-axis. 4 marks

Answer: v

By the disc method, two integrals are necess sary fer finding the voiume.

or
V=nf01(12 —-03)dy + nflz(i —V4—-1)dy= rfi idy + 7 f; g~ y)m
y? . 1 3
= [my)} + 71“[ y———}1=7r[1+y—2—-2+ﬂ =-nyv
ragain "
1 S F2 - 1 2
V=nf 1?dy - ] (,/yz - 1) dy =nf dy— 7 [/ (y* - 1)dy
i z 1 3
=[nyl?-n [y;— yL =1(2-0)-nl@-2)-G-1) =2m— 2= —U¥
Gther method J

o

From the formula ;
1 . 1
V= urf xydx we have =V =2n [ x(i+x%)dx =V = 2w [ (23 + x)dx
4 241 .
T=g-tX X 51 3): (3 23T g
\ Zu[ +2] 2w (24 27:(4/ =yl

Prove that the function f: IR - IR: x — f(x) = x” is neither an injection nor a surjection. 2
marks A

Answer:

i) Consider the element 4 € R the image set.

Then the equation

{(x} =4, has twe solutions x = -2 2, 2€% the domain of definition.

Therefore f is not injective

if) Consider the element -4 €% the image set, therefore the equation i(x) = -4 is not
the sclution x €%, the domain of def*m' f' not surjective.,

Other method y

B f(x) =%, 1(x) is surjectiveif and enly if Vx,y € ], f(x) = fO=

Therefore f(x) = {(y) <x’= yz Sx =1y
Domain is not injective .

if) f(x) is surjective if and only if v X,y € ®,suchthat f(x) =y

H—



64

Therefore x =}
Thuslm =%/ = R
Or again

.'/ \\\
A \k
/ \\\ l|

RMEK f(x) = x” is not injective because it is ev evt

1'1. Evaluate the following limit: lim, ¢ []5, (1 + :) 4 marke
Answer:
Let pose

e (1)
theny= i:n; | (1 + niz) =>Iny=In {H;‘;l (1 + iz)]
e (T2 (14 5))= i 3t (1.4.5) = 22 o (14

k
14—
Asin(l—:—{)=i¢limln< )—lm‘ %z()whenn — 0

X0

Z

n

y Tl
Thenlny= Z,‘:f’ﬂii_EM (1 + %) = Yres Eirg [:—zln (—'Q} N

%
nZ
K
& N 1+—2')
Zp_ihm zmﬂn -
. X
712
‘r
=y lim— =0
L‘k:lx-—»oonz
1 - n(n+1) 1
= m=37" k= =
x— 00 2 Lk=1 2n2 2

. 1 dx -
12. Evaluate the integral [~ —————— (0<a<m) 4 marks
~1x2-2xcosa+1
Answer:
f f dx f dx 1-cosa 9%
= = = 24 cin?
—1x2-2xcosa+1 -1 (x-cosa)?—cos?a+1 -1 (x—cosa)?+sinla ~1-cosa () +sin’a
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1 ¢ PR 1 ~-cosa . 1tcosa
= arctan = — z“maﬂ + arcian ———
sina sinal_§_rp0q Sina sina Sina

[arcicm(m?z g) + arctan (g - g)}

[¢3 [4¢
‘rfrcfmz(ta?z 5) + arcian(cos ;)J =l

sina t
1 [ big al @
sina ZJ Zsina
Gther mctbod

f—l 2_2xcosa+l
= x? - 2xcosa+1=0

A=4cos*a~4= —4(1— cos?a) = —4sinle
V—A=2Zsinawith A'< G
} f 2. ct ((L{ +b}.’-rC)
47 7 _— = — Yy ———
Eagve n"2+bx+c \/_ ’ vy
1 dx [ 2 . Zx-2cosal}l 1 x—cosalt
f e —mroton—— = arc{an—.—J
-1 x2-2xcosa+1 2sina Z2sina 1 sin sina J_q
1-cosa 1+cosa
= — [arctan——_—— + arctan }
sina sina sina

13. Show the polynomial Tp(x) = 2m_1(m arccosx)  (m=l, 2, 3,....), satisfies the following

differential equation'
(1-x)Tt (%) - xT () + m?T,, (x) = 0. 3 marks

Answer:
m  sinmarc(cosx)

T;Tl(x) _Zm._l m

( ) ___mcos(marccosx)  xmsin(m (:rccosx) _

2m=17_x2 2m1(1- x2)2 l—xz

Putling the values of Tpls), T. (x) and T" inthe given equation
‘We obtain: (I )T (x) XT 1 (%) +m T () = -m?T m(x)+me(x)-xT;.n(x) +
m*T,. (x) =

14. a) Express § = sint — 2(1 — cost) in terms of sin- (teIP) 2.5 mar?{c
b) Solve the equation 2u(1- -cost)+2usint+1 = 0, ueZ, 3 marks

m x

Answer:
5 . t )~ 5t t
a) sin’t=(sint)? = (2gint cos—) = 4sin®- cos? =
2z 2 2 2
2t ! 2 4 : 2[ - 2 t
I-cost = cos’= + sin?=— (cos? = — gin?i) = Zsin“ -
? 2 2 z) -
~ & : i . /7 &t 5 . L 5 t 4 -
8 = gin*t — R(i — cost) = 4sin? - cos?= — 4sin?i=sgin2l (cosz - — 1) =
2 2 2 2 2
t » t
45in? = ( —sin? ) ;) = —4sin-
2 2
by 2u(l-cost)—2u sin t +1 =
2uf(1-cost)-sint] = -1
- i 1
Zu= — = Y= -
1—-cost—sint 2(cost+sint—1)
Solving with respect to t
Zu{l-cost)-2u sin ¢t + 1
2u(l-cost-sin t) = -]
; 1
1-cost-sint = - o '

G G A b e R L P W P S P KACAR AR 4 SECONDARY STFHOGT.
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1+2u

Ces (+sin (= .
15. Suppose that a=b (imod m) and c=d (mod m).
Prove that:
1) atc =b+d (mod m)
11} ac = bd (mod m) 1.
Answer:
i} For an integer ¢, and q; we have
2 =b+me, and ¢ = d+mag;
then z+¢ = b+mg, +d+ma
= h+d+m{q;+g;
= b+d+maq,
= b+d{mod m)
ii) a.¢ = (b+mg)(d+ma,)
=bd + m(q,d+g,b+mq;q,)
=bd+mqs , qqis an integer
= bd(med m)

SECTION B: Attempt any three questions. (45 marks)

16. a) At noon, two boats P and Q are at points whose position vectors are 4i+8j and 4i+3j
respectively. Both boats are moving with constant velocity; the velocity of P is 4i+] and
the velocity of Q is 2i+5j, (all distances are in kilometers and the time is measured in
hours). Find the position vectors of P, Q and % after t hours and hence express the
distance PQ between the boats in terms of t. Find the least distance between the boats. 7.5

marks

b) The random variable X has the following robability distribution:
% PX)
2 A
4 2a%-a
6 a’+a-1

Find:

2) the value of a. 3 marks

b) EX) I mark

c) V(X) 2 marks

d) SD(X) 1.5 marks

Answer:

a) Aftler t hours, the displacement of P from its starting pointis
[

4T+ J) thus P = (47 + 37) + t(47 + J)
=(4+4Q 1+ (8 +0)f .
Similarly Q = (4+26 7 + (2T + )¢t
=(4+2 T+ (3 + 5¢8)f

Then P@=Q-P= [(4+ 201+ (3+ 5] —[(¢4 + 407+ (8 + 0)]]
PQ = —2ti+ (-5 +40)f
CPQ = (=207 4 (5 + 40 = 208 40t + 25
The distance between two boat sis given by VZ0t2 — 40t + 25km
For the smallest distance, let consider:




—2
PG = 2007461+ 25 = 20(t

AS (2-1)2 cannot be negative, its smallest value i

—_Z
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then the smallest value ¢f PG is S,

The possible shortest distance between two boats is then VSkm.

b) i) the given distribution is the probability distribution § if
0<Px=x)<iand L P(x=x)=1then)P(x=x) =1
= a*+ (@ —a)+(a’+a—- 1)=1
3@ +a-2=0¢
(Ga-2)at) =t a=-1.2
g is the one possible value because a cannot be negative

(X P(=x) Xp(x=x) 2 Plx =7}
2z 213 4/3 8/3
4 2/6 8/3 32/8
6 i/9 6/9 36/8
9/¢ 26/9 92/

HEX=YxP(x=x) = 29—6

_ 52 [26\% 152
H) V) =E(x*)-E*(x) = TxP(x)=1- )=+~ (—9') =

152

V) SB(x)=V(x) = .

= 1.366G8

g1
17. a) Find the shortest distance between the skew lines
x=5+421 x =2

Li={y=3—1and{ y=u 9marks 1
2= z2=9—pu 5
: 1 2 =2 g

b)IfA=|1 1 1 |, evaluate A° and hence find A™". 7 marks

2 =1 =1

Answer:
a) The shertest distance between the two points one on each of twe given straight
line is given by
———'P _ mm _ b—a).(uxw)]
Pal =7 =
wil llexw|] _
Asu = 21+ Jic parallel to the first Hne and B = J — k to the second

c 1 -1
< |wl=vVi2+42+42=3
A = (5, 3, 0) lies on the first line'and B(2, 6, ) on the second.
Now ,ZE[ =B-A =-31 — 3J4%k then
[ABW]|=-3-6+18=09
B _

Wi

The zsked distance is




12 -2\/1 2 =2\ /1+2~4 24242 —-2+42+4+4
by A={1 1 1l 1 1 )={14+142 2+1-1 -2+1-2

2 =1 -2/\2 -1 -2/ \2-1-4 4-1+47 —4-144
-1 6 4\

— (4 Z -3
-3 5 -1/ )
/(—1 6 4 i 2 —z\\ (13 6 o

x‘=( 4 2 —3) i1 1)={6 13 0
\-3 5 -1/ \2 - —2/ \g @ %36 ‘s

Ad=131 s‘tﬂh'csﬁiﬂz=!<:>A"=LA2:L/£- 7 -3 ?

e "137 o137 i3y 7~

. : =3 5 -1/
8. Find the particular solution to the following differential equation, which satisfies the
given initial values; y’-2y’ =x+2¢"; y(0)=0; y’(0) =1 15 marks
Answer:
The characteristic cquation is k*-2k=0 has two solutions k = Gork=1z
Thus the general solution of the homogeneous equation is
Yh = crtee’
As 1(x) = x+2e” our first choice of ¥yt could be:
(A+Bx) +ce*
But, as zero is the root of the characteristic equatien, we are geing to multiply the
polyromial part by x, we have then
V1 = AxtByie
Y'p1 = A+2Bx+c e*
Y1 =2B+c €
Replace in the given equation, we obtain
(2B+c €”) -2(A+2Bx+c €¥) = x+2¢* "
(2B-2A) -4Bx-c " = x+2e" 7
Equazlizing the coefficients of the same term, we have :
2B-24=0 [ 1
—4B =1 @iA_B"Z
—c=2
— 1 1z x
Then Yp1 = =%~ ¥ =2

c=-2

And the general solution is
x 1 i '

y =¢i+cie * Zl‘ = Z}’z — 2e*

¥(6) =0 < ¢;+¢-2=0

2x 1 1 2
Vi{(x)=2e"=—~-x — Z¢
y(x) =267 -2

o 1 -
@3"(6)=1¢:;2cz-;——4=1
N
2=8

5 3
eite-2 =0 = €y zg
a

Then the asked particular solution is
3, 13 1 1 -

Ypr =+ —eP — oy 232 g%

<P 8 4

19. a) Sketch the graph of the bolar equation




69

-32 .
1=————— 7.5 marks
3-5sinf
b) Determine the convergence or divergence of
N
Lm=13a 3 marks
Answer:
-32
3-5sing
in cartesian coordinates we knowr = [x? + y? < siné = /_2}_2
VESEY

Thenwe obtain 3 \/x? + y? = 5y — 32
Squaring two sides, we obtain

9(x? + y2)= 25y*-2-320y+1024

Or $x*-16y"+320y-1024 =0
ox’-16{y*-20y) -1624 =0

Or 9x*-16(y-10)*=-576

16(y-16)*-9x"=576

ay r=

g 16(y-10)*-9x*=576
0 . ()'_10)2 — _{i I E . E oo E ; _b E . ’h s . <7
Y=o = o = L whichis an hyperbola whose conjugate axis is %

a’=36ea=6
b'=64<b=8
Centre C(0, 10)
Vertex 5,(0, 16) and S,(8, 4)

b} D’zlembert theorem

T Un+1 .

My e = — <1 - converges
n

oo Up+i .

lim—-—>1 — Diverges

n—oo n

. Up+1l .

Hm——=1 - No conclusion

n—oo bl .

ON

T P—

Uv,= I
(n+1)3

UTH"- = 3n+i
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Uns1 _ (n+1)3' (11)3 (m+ 1)3 i (n+1)3
U,  3mtl T o3n 3nrl ()3 3n®
U411 1. mP43ntadnel 1 3(1“*%"‘%*',%1‘)_1
}1‘_{2 - =7111_I.§3 3n3 = _ilL n3 _:3-7}1:1; n3 3
Hm E’_lji =1< converges
n—+om n
rs 3 &
20 LetA=}2 5 -—1f
-2 =2 5
a) Verify that det(4/3 — A), the characteristic polynomial of A, is given by (4- 3)%(2-9). 4
marks
b) Find a non-singular matrix P such that
P'AP=diag(3, 3, 9). 11 marks
Answer:
z) DET(AI - 4)
fA—-5 —2 2 |
pA)=|-2 i-5 2 |
G5 f2 17 2 —2 1-5
=@-5" 1_5l+2|2 2_J\+L e |

& (@A- 5)((1— 5)2 —4) +2(2+24+5)+2(-24+6)

& A-5)A-5-2)A-5+2)+4(~ 22+ 6)

S @A-5)@A-7(A-3)-81R-3)

e A-D[A-5)@A-7) -8l eA-3)(A?-122+35)= (A-3)(A—-3)(4 -

9)

Sodet(A —A) # (A—3)*(1—9)

The eigen values of the matrix A are:

A3 =2,=3,43=9 7
b) The matrix P is given by the juxtaposition of eigenvectors assdcxated to the

different eigenvalues. To find eigenvectors associated to eigenvalues, we solve

now the equation:

(A — A)X = 0 where X is the column vector

A=3

3-5 -2 2\ /% 0 -2 -2

-2 3-5 2 <y>= 0):\(—2 -

\ 2 2 3-5/\z 0/ 2 2 -2
0

2x-2y+lz=

2

NN

[NS I o8]
N—
TN
ST R
N -

Il
TN
R ] 9

& -x-ytz =0 z2=xty
Letpesex=r,y=¢ rands€Ch

3

x 42 1 Y
v (3 ()= 0)-) )G

z x+y/ MW+s 1 1

Then the two eigenvectors associated to the eigenvalue ) = 3 are:

(o) (

N
ll
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g-5 -2 2 N 0\ 4 =2 2\ /X 0
/—z 9-5 2 \(}'\z{e}:(—z 4 7\.(3/):(0\}
\ 2 2 96—5/ \z/ \o/ \2 2 4/\z/ \¢/
4x—2y—7Z2z=20 . .

S s s b B (6y + 6z =0 y = -z
—Z2x+4y+2z=0 Lo -
(2x+2y+4z=0 OXT62=0 be=-2

pose = R

i8¢ -1

LY S R |
P is not singular because det P =3

=1

ADVENCED LEVEL MATHEMATICS NATIONAL EXAMINATION PAPER 2011
(MCB, MCE, MEG, MPC, MPG, PCM, PEM)

SECTION A: Attempt 2!l questions. (55 marks)
01. What values (real numbers) of x satisfying the following condition:
a) 4(x+5)—6(2x+3) =3(x+14) - 2(5-x) + 9 2.5 marks
b) |6 = 3x| > 14 where |a| stands for absolute value of a defined
aifa =20

aSIal:(~czz']‘a <90

2 marks 2

v
Answer: ’

a} 4(x+5)-6(2x+3) = 3(x+14)-2(5-x)+8
< 4x+20-12x-18 = 3x+42-10+2x+9
< -8x+1 =5x+41

S n=-3
S={-3}
by |6 -3x]>14 ©6—3%x >or6—3x< —14

- & 8 yay

< —3x >8eor—3x<-20 <=>:v:<—§0rx>13—
1 87 120

S= |-, —- }— 'OO[
J % 3[UJ3‘+

02. If (u, v, w) i< a basis of the real vector space R3 determine whether or not (utv, ut2w, u-
w) is also a basis of R3. 3 marks.
Answer:
Let a, b 2nd ¢ be any three real number such that a(u+v) + b(u+2w) +c{u-w) = 6
We have:
(2+b+e) u +av+ (Zb-c) w=0
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a+b+c=¢0
" Since (u, v, w) is 2 basis of |3, a=0
2b—c=20

The system has2 =0, b =0, ¢ = 0 zs solution.

Therefore (u+v, u+2w, u-w) is also a basis of R3.
03. Let £ % — R: fix) = ;2_'111
2) Find limy_;s f(x) and lim, 1« f(x) 3.5 marks
b) Discuss the limit of f{x) as x approaches 1. 0.5 mark
c) Sketch the graph of f{x). T mark
Answer:

x%-1 ,
ifx >1
x*-1 §~1
&) JOF=5i= ¥ Fm i
—x+1
undefinedif x = 1
Letx=+ 1
2
-1 .
z ifx >1
Xz—l x-1
X} = = xz_" .
0 =50 - ifx <1
—x+1 -

Therefore: i) Hm f(x) = lim(x+1)=2
x-1g x-13

ii) lix;w_f(x) = xhr;g —(x+1)=-2
< g

b) Since lim f(x) # lim f(x),limf(x) does not exist.
x—-15 x-12 x—1

¢} The graph of f(x) is composed of unicn of two line.
E{
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~-x2-13 . - e ’
04. Express f(x)= -3—1—;——1——)— in partial fractions. Then find anuderivative of f(x).4.5
-x-6
mariks
L"?“v
3 2 %
Ixt=pr=43x=13 _ . my AA—E
IEAN livision fix)= ———" = 3Ix+2+——
By fong division f(x)= - T— X g )
Tx—1 Tx—1 A B Alx+2)+ B(x-3)
= = -+ == —
2—-x—-6 (x—-3)xx+2) x-3 x+2 (r—3Ux+2)
ix+2A+Bx—-38E (A+B)x+24-3B
- 3.)(:4- +2) (x—3)(x+2
- i+8)x+24-3 - .
7x—1 _ (A+B)x+ B & 7 — (A+B)}\+7A 23R
x2—x—6 (x-3)(x+2)
= ATBE =T
2A-3B= -1
< A=4and B=3
7x~1 4 3

GG+ 13 <2

In partial fraction (\)~—3_:2—;—q—31;——1—3 Ix+2+ ;—f—3+x?

Antiderivative of f(x)

ff(;:)dxzf( +2+—‘T:)dl’_ ) N
[@x+2)dx+[ () dx+[(5)dx = 3 [xdx+2[dr+4[Z 432

2
fl)de == 3—2- + 2x+ 4injx— 3|+ 3m|x+ 2|+ €

)
tn

. Find the number of ways that 6 teachers can be assigned to 4 sections of mathematics
course if no teacher is assigned to more than one section. 2.5 marks
Amnswer:
The totzl number in simple way is = 6x5x4x3 = 360
Gr 7

6! 6x5x4x3x2! :
;= g = 6x5x4x3 = 360

06. In Euclidian space, find an equation for the plane consisting of all points that are
cquidistant from the points (-4, 2, 1) and (2, -4, 3). 3 marks
Answer:

P=

{x —4 2 ’
g, =|y 2 -4 Y
lz 1 3
quatisn is 9x+15y-12z =0 < 3x+5y-4z =0
< x—1
07. Find asymptotes of the function fxff(x) 3 marks
Answer:
Acsymptotes
HA: _
- x-1 o -
Uy 7 =21 F
1
x-1 : x(1-7) L1
lim 5—= lim = lim - =0
x-toox°—1 x—+00 Xz(i——i) Yotoo X
X

HA=v=4_§
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p x—1 x—1 1 =
)= = =

7 x2-1 (x-1)(x+1) x+1

s 1

(I — = ©

x——1x+1

VA=zx=-1

Ne O.A

08. Find a second 105y olvnomml P(x) such that P(2) = 5, P’(2)= 3 and P’(2) =2 where P’
and P”°(2) =2 whe and P’” are first and second derivatives of P respectively. 4

nmarks
Answer:
Second dcoa ee polynomial P(x) = ax +hx+c
P(2)=2a(2) 242b+c =2 & datlbte=12
PG)Y=2ax+b & P(2) =2.22+b=43+b=2
P(x)’=2a=12
=1
ta+h =3¢ dxl+bh=3 < h=-1
Fika b c=2¢ IxI+2(- 1, +ec=2¢ 2-7+¢
=i,b=-lTzndc=
So the poE},nonuz. is x -).+1; .
09. a) Evaluate the derivative of f{x) = In(x™+ ) where In stands for natural logarithm
function; 1.5 marks

337

S

r

e
I
e
0
&
I
S}

o

3

. X
b) and cvaluate the integral [ ——dx

&
X447 b

s marks

Yomt
-

Answer:
y x3+7x? _ 3x2+14x _ (3x+14)
2) f(9)'=In(x+7x) = (B+7x2)  (23+7x2)  x(x+7)

X
X 4
b) '[X4+7 d" X //}
- — . t
Let t=x" L7 o dt = 43dxe x3ax:i~ 7 -
2 -
S[% =2t + c=-zn[~4 F7|+C
10. How many dlstmct permutations can be made from the letters of the word *’infinity*’7 2 :
marks
Ansx'
P —,?.—— o‘t7‘!\6:4 f\éf}\x(ﬁxz g} = 4(}520 B
- SRARF K -
I'1. Find the domam and the dcnvam'e oftne numerical function [ if f{x) = ﬁ——ﬁ
i~
marks
Answer:

Bomainl —In(x—- 1) #0 In(x-I)#iex-l+e @x e+ 1

and x-1> 0= x> 1 :

Domain : J1,e+ 1[U]e+ 1, +oo

)= 1-n(x-1)- 1(~;]—;) 1—172(X~1)+;f—, _ [B-nG-Da-1)+x _ x-1-(Gx-Dinx-D+x
[1-In(x-1)]? [1-in(x-1)]2 [1-In(x-1)}? [1-In(x-1)]?
- (x-Dn(x--1)+2x-1
 [i-in(z-1))2
12. The probability that a patient recovers from a delicate heart operation is 0.8. What is the




probability that

a) Exactly 2 of the next 3 paticnts who have this operation survive? 1.5 marks
b) All of the next 3 patients who have this operation survive? 1.5 marks
Answer:

Let S “the patient recovers® s p(8) =

2) p(Z of the next 3 patients recover) = (5> (6.8)%(0.2) = % (6.8)2(0. 2)y=

3(0.8)%(6.2) = 0.384

-
b) p(3 patients recover) = (g) (6.8)° = (6.8)° =90.512
1 /32010
- Find the value of the complex number Z = [—5 + i7J Leave your answer in

standard form Z = a + bi. 4 marks
Answer:

= [Cos (333) + isin(z—;)jzo =cos \Z‘GEO ) + zsm(Z(}LG 27‘

. i
- Sketch the planc region bounded by y =x and y = x%-6. Then estimate the volume
generated by this region when revolved about x =-3. 5. 5 marks
Answer:
Y]
8
[}
4
2
7,//{

Liney=x
Parabola

Linex=-3
{ I — 2 _— -~ -
%y B 6 S X=X6 3 X x-6=0= (x+2)(x-3) =0 x=-Z orx =3
V= ZuJ L+ 3)(x—x* +6)dx (approximate value of the volume)
A 5.3 2 3
V= 2m [ (%~ 252 4 92 4 18)dx = 2n[-Z - St +18x] = zu%
2" -2
- 8757

iR Pet N R ve SN0,
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I5. The numbers of incorrect answers on a true-false competency test for a random sample of . &
15 students were recorded as follows: 2, 1, 3, 0,1,3,6,0, 3, 3,5,2,1,4 and 2. Find the
mean, the median, the mode and the sample standard deviation. 4 marks
Answer: ’

Freguencics:
- ve ' ] " - —7
| ] H

quency ni

| Cumuiative frequency

The mode is 3.
The median 2.

— Tx; 2x0+3z1+3x2+4x3+1x4+1x5+1x6 36 -
The meanx = s T T2 36 2.4
e 15 15 15
Z( 2 Z 2 L
.. \ XX x5 — 126 §
The standard deviation js ¢ = /\‘— S Arattc Ly i
Noow N \ 13

=V8.4-576=v264~15¢
SECTION B: Attempt any three questions. (45 marks)

16. Let /1 R — R: fix) = [x — 2] — 1 +5
a) Determine the domain of f{x). Z marks
b) Write f(x) without signs of absolute value. 2 marks
¢) Study the derivability of fIx) at x =-2. 4 marks
d) Evaluate the limit of /{x)-(-x+1) when x approaches -co and the [imijt of f{x)-(x-3)

when x approaches +co. Is there any relationship between lines y=#x-3 and y=-x+1,
and the graph of the function f? 3 marks 7

e) Evaluate fff(x)dx. 4 marks

Answer:

f)=lx—2|-142

a) Domf={x¢ IR| x?% =
=]-oo]0[U]G,+oo[ ‘

X=3+=ifx>2

4

b) For x € Dom f, f(x)= :
! —x+1+=if <2
X
¢} Fﬁrxzz,f’(x)zi—g-
Thust"('z*):l—%:z
Forxsz,f’(x)=—1-—2§
X

Thus P(27) = -1+ 1= 3

; 4
Since P(2%) % F(Z27),f'(2)does not exist
fis not differentable at y = 2z
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. I [f 1, 3 1
dy Hm [f()-(-x+1)}]= bm i|-x+1 +-+=+x—-1 J= 4

X~——co x——co {t X X~

; i fni %Y 13 { m X B call=
Hm [({(x)-(x-3)) = lim |lx -1 +t-+t5—x +JJ =¢
X—=—Co y——on i X X7
Conclusion:linesy = —x+landy = :

a § Y
< — 3 are asymptotes to the graph of the function 1.

3 T2 3+ D) x4 x5+
e} f1 F(x)dx = 1(—r4~*+;z-)ax+z\y—.j+;5>a‘x
[ ;2+ ﬂ‘[ x? 3 1]3_ 1
= - et TEiEE e 3 e ===
Loz "7 x L 2 xly 3

. . 5 S -1 n—3\.. o o s
7. a) Solve the equation "'C,.5= 3 "*C,., (or ( ’ ) =3 ( )) in the set of positive
n—5 n—17

integers. 6.5 marks
b) Consider the quadratic polynomial z-6z+c where ¢ is real. For what values of ¢ does
this polynomial have real roots? 2.5 marks

¢) Multiply out the expression (z+7)(zz—6z+25) and hence find all roots (real or complex)
of the polynomial z>+2%-17z+175. 6 marks

Answer:

2) (n-l _3/71—-3‘

n—-5/" "\n-7
(n—-1)! - (n-3)

(-5 =-D)~m=-5))! 7 m=-7(r-3)-(n-7)}s
(n-1) 5 (n=3)
=5)(4) ¥ (m=7)1(4)!
C(m-1)(n-2) _
(n-5)(n-6)
< (n-1)(n-2)= 3(n-5)(n-6)
< n’-15n+44 = @
= (n-4)(n-11) =0 s
S n=4orn=1}1 7
n=4 is excluded since less than 7.
The required integer isn = 11.
b) The quadratic polynomial 2% - 6z+¢ hag real roots if and only if (-3)%-c >0;
Thatisc<9
€) (ZH7)2’-62125) = 2° 6274252472422 + 175 = 2+ 17241 75
Hence z’+2%-172+175 =¢ '
& (2+TN2°-62+25)= 0 & z+7 =6 or 262425 = ¢
t7=0e=z=-7
7-62+25=0 < 7 = 3+4i or z=3-4§
The roots of the polynomial are z = -7,2=3+4i and z = 3-4i
18. a) In Euclidian space, find vector, paremetric and symmetric equations for
1) the line through origin and the point (1,2, 3) 4 marks
i) The line through (0, 2, -1) and parallel to the line with
fx=1+2t
parametric equations i y =3t
z=5-7t
b)Find ali cube roots of the complex number W = -14i. Leave your answer in polar-
form and trigonometric form. 7 marks

) condition: n-7> g ien>7

-~
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Answer:
a) Let §(0,6,0) and P(1,2, 3)
i) The line through origin O and the point P(1, 2, 3) has vector equation OM =

0P where M(x, y, z) is any point on the line.

x=4
The parametric equations are{y = Z4
2= 34

rye - . . Y
Fhe symmetric equation isx =5 =

winN

ii) The line through (0, 2, 1) and parallel to the line

x=1+72t
y = 3¢
z = 5—7t
5 x =12t
has pavametric equations: { y = 2 + 3¢
7 =3 — T
. . . y—-2 z+1
Symmetric equation: - = —/— = —

27 3 -
Vector equation AL = AU where A (0,2,-1) and U(2,3, -7).
b) W=-1+

Modulus of W=+1 + 1=+/2

1
Cos = — == ,
ﬁlz?e‘:&i

. ___1_. 4
sxmﬁ—ﬁ)

W = \/fx[Cos(:%") +i sin(?)}

1
Cube roots are of the form W= (\/7?)5)([(305(% + 3%3) 4o sin(-g + Z_’B‘_E)]
Fork=20,1,2 7,-/."
Therefore, W, = W[COS(E) + i sin(g)] 7

Wy= VZ[Cos(z) + i sin(70)]

And W, = YZ[Cos(—2) + i sin(2)]
16. a) Compute the sixth degree Taylor polynomial generated by f(x) = Inx about x = .

. . . inx
Using this result, evaluate  lim,_; — 6 marks
-

b) Find all values of x that satisfy
1) The inequality 2cos(x)+1> Oin the interval [0, 2n); 2.5 marks

i1) the inequality logs :;1 =1 3.5 marks

c) If 3 books are picked at random from a shell containing 5 novels, 3books of poems,
and one dictionary, what is the probability that
i) the dictionary is selected? 1.5 marks
11) 2 novels and 1 book of poems are selected? 1.5 marks

Answer:

a) f(x)=Inx={1)=0

f’(x)=§ = fF(1)=1

X
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1

f-”(}() = — = = ‘f”(i) = e

2
; 2 a -
%3(x)=x—3 = P1) =12
2x £ £ G
Fx)= ——23 = f(1)= —Zx3
X
3 2x3x4 S e
(x)= kel (1) =2Zx3x4
g *334x5 .
Fi(x) = - 22255 o 41y = 23 3x4x5

>
The polynomial ic

) = (1) +0() -1+ 77(1)

(x-1)? Loy (=103 B8 x-1)*
0y pa (g ety

~1)S we1)S o GeDE (-1 (x-1)
7 (5)(1)%)— + f((’)(i)( 6!) Therefore f(x) = (x-1)- = S+ 13 + ; +
(=1 (x-1)"
. é 2 3 4 5
y Inx : (x-1) (x—1) (x-1)° (x-1)* (x-1)"1
sl s | i — — -+ —_ =
M sert e ["‘ R 4 5 6 J A
b) i) Zcos (x)+ 1> 0 < cos (x) > —;

2 \(“
\

(O8]

3 7
Zr 47

@0__}.5?01*—5}. <2m

_Is 27 AT
S_‘.O'—B— V] —-B—,LL
i) log g 1 o log Rz_l“lﬁﬁ Wl"ere‘:z-l\ﬂ

J VB2 T = “UE2 x+1 gL Wi 1 =

2. ”

X ], - i @ - - P -
@——=2eF¥-1=2x+1)e ¥ —2x—3=0 (x+1)(x-3) =0

S x=-lorx=3
x=-1 is excluded since the zerc of x +1
§={3} '

(?)(z) 316!13!  3x2x13 __ 13

AN - 1 ietinnary) = — fo— _—
¢j i) p(selecting the dictionary) (9) g i
3 5
5\/3
cn Ct (2)\1) 5 3! 316! 5x4x3x2x3 &
i) p(Z novels and 1 boek) = N oA X E o ——— = =
(?) 21317 217 9 2x2x9x8x7 14

20. a) Let *be a binary operation defined on the set Z of all integers by x*y=x-y-3.
Determine whether the operation is commutative, and whether there is an identity
element. Can you find a symmetric (inverse) of any integer? & marksh

By KAYIRANGA Serge, facilitator in science subjects, KAGARAMA SECONDARY €Ny

oy - N R
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b) Sketch and estimate the area of the region bounded by the curves y =x and y = x*-2.
7 marks
Angwer:
XFY = x+y+3 -
The operation is commutative since XFy = xtvtw

commutative in Z)

Assume that there exisits an identitv. Denote by a.
Sex¥a=x+a+td=yx

This equality occurs if 3 = -3,

So the identity is -3

Let b be 2 symmetric of x. That means x*b = -3
This occurs if x+b+3=3; that is b= -6-x

So the symmetric of x is -6-x

\. g i /

< \

f
y=x
}’:.1’2—2}

=-lorx=2

X
The area is estimated by the integral f_zl [x = (x* — 2)}dx = f_zl[x - x% + 2])dx

= xf-2=x -—7}:2~x—2:0:>(:~:‘+1)(x—2}:(}

—
=

_[x* i v 8 i 1, 27 9
[‘2 7 h2x|  =2-c44—g-t42=20 g
The arez is 4.5 area units .

ADVENCED LEVEL MATHEMATICS NATIONAL EXAMINATION PAPER 2012
(MCB, MCE, MEG, MPC, MPG, PCM, PEM)
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SECTION A: Attempt all guestions. (5% marks)

04.

3. Determine the continuity of f(x) =

- Show that C(n-1, p-1} + C(n-1, p) = C(n,p). 4 marks

Answer:

” , 5w (n=-1)! . (n-1) (n—-1)! (n—1)!
R S AN e = ST i
SRR, B pOn-E, P T = T -
. ¥ E’ e C\ P (p-Di(n-1-(p-1)! ' pin— _——p)' (p-Di(n-p)t pi(n—p-13)!
n!
n n! P n nt - on-p P 7! _Eop n!
H

= - —X =-—x—0+ X—r
L'!(n_i,)g n * pi—p)! n o pln-p) n pin-p)! n pl(z—p)!
»t

_ [£+

. it . n! .
S ———x1 = —— = ¢(n,p)as required.

pi(n=p) \n n / pi—p)! pla—p)

Find the total number of diagonals that can be dravn in 4 decagon. 3 marks

Answer:
ach diagonal has twe end points.
Suppose ene hag end points A and B, the segment A segment BA are the same,
Thus, order is not concidered and the combination of 10 points, taken twe at 2 ¢

RS,

=

5 gesired.
“his gives the total number of line segments. But 10 of them are sides of the polygon.
So the number of diagonals is equal to

-

ig!. 10! 10x9x8!
i N=mwalT G0 = - 25 = = E+C _ } =
C(10, 2 T 10 e g Te 5x¢ - 106 =35

Inx+tan~1x
(x—1)(x+1)"
LISWer:
We know that 1 y =Inx if and only if x>0

y = tan’'x exists if and only if x €R
Therefore
y=lInx + tan'x 3vx € (0, +c0)
(x-1)(x+1) must be different to zers
=ZxFxlorx+ -1 ,
Then, the continuity becomes
xC(O, YU (1, +00)
Find the value of x if v/3tanx = 2 sinx 3 marks
Answer:

7

Ny

A
. vV 7T
& smx=€§<;rccsx=—£—:ﬁx=§m o&*);':ié

. The matrix M(«) is define by

M(ec) = [ cos X sin oc].
t—sin & cos
Verify that M(c)M(£) = M(x +£). 2 marks
Amnswer:
. [ a inal| cos sinfy
Ma)M(p) = | C°F S [ sk “"5,]
—sina cosall—sinf cosf|
cosa cosf — sina sinf cosa sinf + sina cosf |
i—sina cosf — cos asinf —sina sinfl + cosa cosf]

or((v-f—,{f) sin(a + _ .
{ (a +8) cos(a+ 'Z%} =Ml(a + ) as required
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06. A person, standing on thc bank of a river observes that the angle subtended by a tree on

07.

the opposnc bank is 60°; when he retreats 40 meters from the bank, he finds thc angle 1o
be 30°. Find the breadth ofthe river and the hewﬂ of the tree. & marks

Answer:

Let: AB=h metres be tune height of the tree
CE = x metres be the breadth of the river

So that < BCA = 64"

/ h metres
/

' / /
~

: /
D N300 cANe60° [B
f’é*“———-——ﬂ)m —_—— m-:—f
Consider D 2s the second position of the person. Therefore <BDA = 30°
<ABC =<ABD =60’
AB
Therefore: — = tané0°
i BC
i.e.f = tan60°
h
== V3 = h=+3x(1)
AB 0
= —htan30
. 3
TR S Ee3=40+x(2) i

Putting (1) mto (2), we get

V3.A3x = 40 + x & 3x=40+x & 2x =40 © x =20
Then h = 203 metres ~ 34. 6 metres
Hence the height of tr ee is 34. 6 meires and breath of river is equal to 20 metres.

If Tp, Tqand T, are p", q' " and 1™ terms of an arithmetic progression, then find the value

q r! 3 marks
i1 1 }
Answer: :
Let ‘a’ be the first term a2nd ‘d’ the common difference.
Therefore Tp=a+(p-1)d
Tq= a+(g-1)d
Tr=a+(r-1)d
at+(p—-1)d a+(g—-1)d a+ (r—1)d
Therefore A = p q T
i i 1 1
Applying C; —»C,-C), C3 — C5-C,4
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Let (x-2)*+(y+1)’+(z-3)*=R?
Since Tis a pomt of the sphere, we must have:
(1-2)+(2+1)*+(- 3- -3 =R’ R¥=46
Thcrefoxe ()L 2 +H(y+1) +(z- -3) =46
Orx +v +z -4x+zv 6z-32 =0
Let U(a, ﬁ ¥Y)be a vector direction of the line. We must getd | MT,
ie:u LMT =0

Thus-a +38 -6y =0
This equation has many solutions
Let g = 3 + 2y

The sy stem of parametric equations has the form

4 x—1=at

a

_)'—2 = (§+2}/)t

\ zZ+ 3 =yt
The system represented family lines included in the plane tangent to the sphere.

- A tank is the form of an inverted cone having height 8 meters and radius 2 meters. Water

is flowing into the tank at the rate of— m?/minute. How fast is the water 1eve] rising

when the water is 2.5 meters deep? 4 marks
Answer: ,
Let h = height and r = base radius of water attime t.

7




. dv T + dh o 2 dh
Therefore — = Zxyap2x 88 - = fit—
crefore = 48 “dr T 16 dt
dv 1
When —=>and h = 2.5
dt 8 X
. 1 w \2 d
We obtain - = = (2. 53240
8 16( !
— . dh 8
fierefore =—
dt 25w

sy s . 8 .
Then, the water level is rising at the rate of 7oo Mm/minute

(98}

. Calculate:

sinx
ay [ —— X
1+sinx
' 25x++1
D) X
. fO x2+4
Answer:
sinx 1+sinx—-1 - 1 )
aj - dx = —dx= (1~ )dx = [ dx — dx = x-}
J ]-1'1'31‘712' [ I+sinx . *j( 1+sin:) j f1+5inx !
R 1 P .1 1-sinx r 1-sinx . 1 sinz‘)
by = =g = X = dx= |- QX = | | —— - —\)dx
| f1+.«:inz - f(1+sinx4 l—sinx) 4 cos?x cos?x  cosiy) ™
1 sinx
= [(sec’x - — xNq, o [sec’xdx — [ secx tanx dx = tanx —
cosx’ cosx
secx + C

f=x- tanx + secx + ¢
b) r2bx++] dx:-{ZBE{_*‘fZﬂ__SfZZxdx_FIZ dx E‘[Ti,l’z'{-4~l+

Jo x2ig4 0 x2424 0 x244 20 x2+4 0 x24+4
1 - _1)"‘2

—ran b

2 2]y

2z 2
b4 5 8 n 5 b1 g
Ing — ln4)+§:§lnz+§=5 n2 +§
14. a) In a single throw of two dice, determine the probability of getting a total of 2 or 4. 2
marks 7
E) The letters of the word "DIVORCE”’ are arranged at random. Find the probability
that the vowels may occupy the even places. 2 marks
Answer:
2) "Two dice can be threwn in 6x6 ways
HereS={(1.1),(1,2), (1,3),(1,4),(1,5), (1,6),(2,1),.... (6,5),(6,6)}
Let A& be event of getting a total of 2 or 4. :
Therefore A = {(1,1), (1, 3),(2,2),(3,1))}
KRequired probability becomes
n(A) 4 1
ns) 3 9
b) The word “DIVORCE”’ has 7 letters. They can be arranged among themselves
in (7!) ways. In this word “DIVORCE? there is 3 vowels and 4 consonants.
These 3 vowels have to be placed in three even places: 2™ 4™ apq 6"; and they
can occcupy these 3 places in (3!) ways and 4 consonants can occupy the
remaining 4 places in (4!) ways. -
Thus the number of ways favorable to the event is 3! x4!
. - 34! 3x2x1x4! 1 1
Then, required probability becomes T vl = s g
15. Find the sum of 1+ 2—1, + ;l—l + -617 + ... 3 marks

By KAYIRANGA Serge, Jacilitator in science subjects, KAGARAMA SECONDARY § CHOOL

:5(2 In8g + 'Zlian“li) — (5 In4g + %tan‘l()) = (§ Ing + %x%) = G ln4+%x0)
21
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2 3
We know that H~X- -+ = + T+l gy = e
2t 3

Putting x = =1,

1 1
\Vroer!;21+++++ = e (1)
13 1 1 1 TN [

And: ;T;-;+4—!-E’+a+ = € ()

s L1 1 1 IR R 101,01 _ete!
(1) + (2) give us: Z(H-—z-?-%;—f-a-}- .. }=e¢+c [ Then f+;+;+a+ e T

SECTION B: Attempt ONLY THREE quesiions (4% marks)
16. Consider a real valued numerical function defined as f: IR — IF
X _7 x2€x+1

V)
0)
9
Q)

€)

Find the domain of function f(x) 1 mark

Find the intersection with axis of coordinates. 2 marks
Find the asymptotes 5 marks

Discuss the first and second derivative of f(x) 3 marks
Sketch the graph of f(x) 2 marks

Answer:

a}

b)

- 1
f(x) = ;X2€X+1
Dem =R
Tutersection with axis of coordinates:
1 2
When x = (). y =-x02xe°*1= 0
x €IR/ - x e"” 0 exceptwhenx =0 = f(x) =
The inter sectwn with axis of coordinates in the point (0,0).
Asymptotes Vi
i} Horizental asymptotes;

2 ,x+1

. - - xTe
Him, Lo f(x) = lim -= 4o
x-tw 2
Hm, _of(x)= lim =. "1 = w.¢ ILF
x——00 2
.{Z_ Eid
f() = —Z—= lim —2%—= — LR
( ) e~ (x+1} XI—’ nm e (x+1} oG R
Using Hospital's rule, we obtain;
: 1
(‘XZ) x —oo
lim = : = i =-——LF
_’+mf(y) h o (e~t1)y j__{&fn( e-—(.+1)) - .
. . 1
Again lim f(x) = —— U ——
g x.f,.fmf( ) XI_I,EB (- e--’xrl)\, 11_1,}710 (e—(xﬂ)) ¢

Then, horizontal asymptote =y =0
i) Vertical asymptote cannot exist because dom f(x) = IR.
iif) Oblique asymptote
a= lim 22 = Jim 2xe

x—tce X x—=+0o0

On the other hand

x+1 +Loo
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; - 1.
= i B ~xeXtl =0
x=—=-—00 X A

Then, oblique asymptote does not exist.
z.Zex-H

lim

X—+—Co

d) F()=3.2xe™ 7 + 222 e 1= xe* + T2 = xe**1(1 + )
L) =0 =x(1+3) =0 x=0orx=-2
When x =0, y=0.
Whenx=-2,v=% (—Z)ZG'M =§
The turning points are (0, ()) and (-2, 2e )
fo(x) = (xex+1 + _z_ez+1) HL g 84T o ;_ex-n + g2
=¥t 4 Z2xeXtl + ?e"“ =e*t (1 + 2x + —)

ME)=0< 1+ 2x +~_ G (Vx€lR e >0)
X Hx+2 =0
A=16-8=8
X, =~4+\/_ 243
Ny _42\/“ =-2-+2
Variable table
X ~00 -2 -2 22 0

+00
¥ix) it 0 - ----- 6 + + +

+
’(x) dkddttd § cwmomes 0 + ++ + + +
f(x) M =2e

4
Concavity 7 N // 2
m=0
e) Graph of {(x)

. X7 ANTET 4

LR P B -
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ot
@

D

B Y K - 1 2 3 4 5 & v
4 3 2 1 0 ° .

17. The sides of perfect die arc colored as follows: three sides arc orange, two sides are green
and one side is red. A player beis 200 RWF 1s refunded for each throw. When red face of
the die is up, a player is refunded 10% of 200 RKWF, when orange face is up, 2 player is
refunded 30% of 200 RWF and when green face is up, a player is given SOO,RWF IfXis
the difference between the refunded money and the betted money,

a) Determine the sets of values of x and the distribution probability of X. 5.5 marks
b) Calculate the mathematical expectation E(X) of X and interpret the obtained values. 4
marks
c) Calculate the variance and the standard deviation of X. 5.5 marks
Answer:
a) Q= {red face,orange face, green face}
16% of 200F = 20F
30% of 260F = 60F
Let X: X =20F-200F =180F
X= 60F-200F = -140F
= 500F-260F = 300F
= X(2) = {-180, -140, 36}@,

Therefore P(X=-180) = <

P(X=-140)=2 =~

P(X=300)=2=1
Distribution probability in tabular form:

w

X -180 A -140 300

P(X) 1/6 v 13

B KAVIRARNIM 4 © .
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b) E() =iy P(X))X; =2 (~180) +2(~140) +2(300) = —30— 70 + 100 = 0
N Interpretation of E(X) = ¢:
The game is balanced; the plaver is cqually likely te lose or gain. After many
trials, the player will neither fose or gain. ‘
) V) =Ll PXDX] - E(X)? =FE, P(X)X2~ 0 = T, P(X)X? =
~2(=180)2 + 1 (~140)? +2(300)% = 5400 + 9800 + 30 000 = 45 200

And
p=JV(X)=V45200 = 212.60
I8. A straight line passes through points A(-1, -5), B(0, -8) and 2y + 16 = 4x? is the equation

of the curve C.

a) Find the equation on the straight line AB. 1 mark

b) In the same Cartesian plane, draw the straight line AB and the curve C. 3 marks

¢) Calculate the area between the curve C and the straight line AB. 6 marks

d) Caleulate the volume of solid of revolution about the x-axis of the surface arca in )

« above. 5 marks

Answer: , ;

) AB=y+5="""(x+1)< AB=y= —3x—38

b) 2y+16 = 4x* < y = 2x’-8

¥y¥-3x-8

-10 0 5 10 X 15

{_-51 /
V]

I\

¢} Calculation of intersection points
y=-3x-8andy=2x"-8§ < 2x'+3x =0 < X(2x+3)=0 = x=0orx=-3/2

Surface a2rea A = !f_og[(sz —~8)—(-3x- 8)dx, = ’f_og[(sz + 3x)dxf

|- - B 2o s -2 P23 g uns

R K AVID 4RTAH 4 o SR
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d} The volume of solid of revolution V:
V=g [5[(222 - 8)2 - (=3x — 8)]dx = [s(4x* — 41x% — 48x)dx
2 2
0

=[] = o () -2 (E) - 240}

243 369 | 216] _ _ 243-1845+2160 _ 5587 : :
—TI[E——S—-{*T} = 7( Y = i Cubic units i
. 4) Supposc and g arc lincar transfermations on real vector space IR* with their
respective representative matrices F = [é _ZL} and G = {_32 ?] relative to the basis B.
Find the matrix that represents gof. v
b) Find a vector u such that f(u) = 2u and vector v such that f(v) =v 4 marks
¢) Prove that B = (u, v) is a basis of the vector space IR? 2 marks
d) Write the matrix T that represents f relative to the basis B. 4 marks
e) Find a relationship between F and T. 2 marks
Answer:
1 -1 3 ¢
0 e[ ) mee=l?, 9
a) 0 2 'and G &
The matrix representing g of fis
3 011 —1j 3 -3
aF=[5 o 21=15 7]
=2 116 2 J _,2, : 4
1 -1 X ax
o w=seld S - |
) T} in 0 21 ZyJ

x
When u = [y}

{x—y:2x® { yEIR

2y =2y xX= -y

Therefore u is a vector of the form (;y> = y(’xl), y€EIR

Tzke for example: u= ('11)

w-vels F15- T

. X
withv = [y]
{x—yzx , {xEIR
2y =y y=0
7. Xy Jt '
V is of the form [G] = X [G},xE IR
¢) B=(u,v)= ((“11), (;)) is a basis of IR*
. (—1 1y _
Smcel1 OI—-—1¢0
And B having twe vectors, is 2 generator system in as much as u and v are
linearly independent. ) ' ‘
d) Let T be the matrix that represents f in B.
f(u) =2u {f(u)=2u+0v
=
fw)=v f@)=0u+v
-1 1 :
Therefore T = l 1 nl

We must have{

At G B i v i i )
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